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Introduction

Decision analysis can be used to develop an optimal decision strategy when faced with

several decision alternatives and an uncertain or risk-filled pattern of future events.
We begin the study of decision analysis by considering decision problems that involve
reasonably few decision alternatives and reasonably few future events.
Payoff tables are introduced to provide a structure for decision problems.

We then introduce decision trees to show the sequential nature of the problems.

Decision trees are used to analyze more complex problems and to identify an optimal
sequence of decisions, referred to as an optimal decision strategy.

In the last section, we show how Bayes’ theorem can be used to compute branch
probabilities for decision trees.
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19.1 Problem Formulation

Problem formulation, the first step in the decision analysis process, begins with a verbal
statement of the problem.

A decision problem is characterized by decision alternatives, states of nature, and payoffs:
« The decision alternatives are the possible strategies the decision maker can employ.

* The uncertain future events are referred to as chance events. The one and only outcome
associated to each chance event is called a state of nature.

« The payoff is the consequence resulting from a specific combination of a decision
alternative and a state of nature.

Let us begin our study of the decision analysis process by considering a construction project for
the Pittsburgh Development Corporation (PDC.)

PDC purchased land to build a new luxury condominium complex. PDC is considering three
different projects with either 30, 60, or 90 condominiums.
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19.1 Problem Statement

The financial success of the PDC project depends upon the size of the condominium complex
and the chance event concerning the demand for the condominiums.

PDC problem statement is to select the size of the new luxury condominium project that will
lead to the largest profit given the uncertainty concerning the demand for the condominiums.

Given the problem statement, PDC has the following three decision alternatives:
d, = a small complex with 30 condominiums
d, = a medium complex with 60 condominiums
d; = a large complex with 90 condominiums
The chance event concerning the demand for the condominiums has two states of nature:
S, = strong demand for the condominiums
S, = weak demand for the condominiums
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19.1 Payoff Table

PDC management must first select a decision alternative (complex size), then a state of
nature follows (demand for the condominiums), and finally a consequence will occur (profit.)

The consequence resulting from a combination of a State of Nature
decision alternative and a state of nature is a payoff. s, Strong s, Weak
A payoff table shows payoffs for all combinations of Decision Alternative Demand Demand
gems]lc;)n altel;natlves anddsjtates of nafture];. Small complex, d, 3 7
ayoffs can be expressed in terms of profit, cost, Medium complex, d, 14 5

time, distance or any other appropriate measure. Large complex, d, 20 -9

Because PDC wants to select the complex size that provides the largest profit, profit is used
as the consequence. The payoff table shows the profits expressed in millions of dollars.

The payoff associated with decision alternative / and state of nature j will be denoted as V;;.

For example, V;; = 20 indicates that a payoff of $20 million if the decision is to build a large
complex (d3) and the strong demand state of nature (s;) occurs.
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19.1 Decision Tree

A decision tree is a graphical and chronological representation of the decision problem.
Each decision tree has two types of nodes:

« Square nodes: decision nodes corresponding to the decision alternatives.

* Round nodes: chance nodes corresponding to the states of nature.

The decision tree for PDC has four nodes, numbered 1-4.
Node 1 is a decision node, and nodes 2-4 are chance nodes.

The branches leaving each round node represent the
different states of nature.

The branches leaving each square node represent the
different decision alternatives.

At the end of each limb of the decision tree are the payoffs
associated with each combination of a decision alternative
and a state of nature.
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19.2 Decision Making with Probabilities

If probabilistic information regarding the states of nature is available, one may use the
expected value (EV) approach.

Let us first define the EV of a decision alternative d, as:

N
j=1

Where:
N  =the number of states of nature
P(s;) = the probability of state of nature s; with ). P(s;) = 1.
In other words, the expected value of a decision alternative is the sum of weighted payoffs.

The weight for a payoff is the probability of the associated state of nature and therefore the
probability that the payoff will occur.
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19.2 Expected Value

Let us suppose PDC has optimistically assigned a probability
of 0.8 to the state of nature that demand for condominiums is
strong, and a probability of 0.2 that demand is weak.

Using the payoff table and the EV equation, we compute the
expected value for each of the three decision alternatives as

EV(d,) =0.8(8)+0.2(7) =728
EV(d,) = 0.8(14) + 0.2(5) =12.2
EV(d;) = 0.8(20) + 0.2(—9) = 14.2

Thus, using the expected value approach, we find that
the recommended decision is the large condominium
complex, with EV = $14.2 million.
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19.2 The Expected Value Approach to the PDC Problem

The calculations required to identify the decision alternative with the best expected value for
the PDC problem can be conveniently carried out on a decision tree, as shown here.

First, we compute the expected value at each chance node.

Then, working backward through the decision tree, we weight each possible payoff by its
probability of occurrence, and obtain the expected values for nodes 2, 3, and 4.

Because the decision maker controls the branch leaving decision node 1, and because we
are trying to maximize the expected profit, it follows that for PDC the best decision alternative
at node 1 is dj, with an expected value, EV = $14.2 million.
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19.2 Expected Value of Perfect Information (EVPI)

Information to improve the probability estimates for the states of nature is often available.

The expected value of perfect information (EVPI) is the increase in the expected profit
that would result if one knew with certainty which state of nature will occur.

The EVPI provides an upper bound on the expected value of any sample or survey information,
and is computed as follows:

EVPI = |EVwPI - EVwoPI]|
Where

EVPI = expected value of perfect information
EVwWPI = expected value with perfect information about the states of nature
EVwoPI = expected value without perfect information about the states of nature

Note the role the absolute value plays in the EVPI equation: for minimization problems, EVwPI
is always less than or equal to EVwoPI.
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19.2 EVPI for the PDC Problem

PDC'’s optimal decision strategy when the perfect information
becomes available is stated as follows:

If s,, select d; with a payoff of $20 million
If s, select d, with a payoff of $7 million
It follows that:
EVwPI = 0.8(20) + 0.2(7) = $17.4 million
EVwoPI = 0.8(20) + 0.2(—9) = $14.2 million
EVPI = |EVwWPI — EVwoPI| = [17.4 — 14.2| = $3.2 million

Thus, $3.2 million represents a theoretical upper bound to the
expected value of sample information.

A market research study will never provide “perfect” information. However, in a good market
research study, the information gathered might be worth a sizable portion of the $3.2 million.
Given the EVPI of $3.2 million, PDC might seriously consider a market survey.
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19.3 Decision Analysis with Sample Information

Frequently, decision makers have preliminary or prior probability assessments for the states
of nature that are the best probability values available at that time.

However, to make the best possible decision, the decision maker may want to seek additional
information about the states of nature.

This new information, often obtained through experiments designed to provide sample
information, can be used to revise the prior probabilities so that the final decision is based on
more accurate probabilities for the states of nature.

The revised probabilities are called posterior probabilities.

PDC believes that a 6-month market research study, designed to learn more about the
condominium market acceptance, will provide a report with one of the following two outcomes:

Favorable: several individuals expressed interest in purchasing a condominium.
Unfavorable: very few individuals expressed interest in purchasing a condominium.
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19.3 Decision Tree with Sample Information

PDC must decide about whether the market research should be
conducted, and the size of condominium project to build, in case:

« of favorable report.
« of unfavorable report.
« the market research study is not conducted.

Thus, the decision tree is composed by four decision nodes:
* Node 1: whether to conduct the market research study.
* Node 3: whether to build the complex if report is favorable.
* Node 4: whether to build the complex if report is unfavorable.
* Node 5: whether to build the complex if no market research
study is conducted.

Chance node 2 indicates the outcomes of the market research report,
and chance nodes 6-14 whether demand will be strong or weak.

» ¢+ CENGAGE
i © 2024 Cengage Group. All Rights Reserved.

A\



«

| B 4

A\

19.3 Decision Tree Analysis

Based on history about similar past market research surveys,
PDC has developed the following branch probabilities.

Whether the market research study is undertaken
P(Favorable report) = 0.77
P(Unfavorable report) = 0.23

Combinations of market research outcome and state of nature:
P(Strong demand | favorable report) = 0.94
P(Weak demand | favorable report) = 0.06
P(Strong demand | unfavorable report) = 0.35
P(Weak demand | unfavorable report) = 0.65

Prior probabilities apply in case of no market research:
P(Strong demand) = 0.8
P(Weak demand) = 0.2
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19.3 Decision Strategy

A decision strategy is a sequence of decisions and chance outcomes where the decisions
chosen depends on the yet-to-be-determined outcomes of chance events.

The approach used to determine the optimal decision strategy is based on a backward pass
through the decision tree using the following steps:

1. At chance nodes, compute the expected value by multiplying the payoff at the end of
each branch by the corresponding branch probabilities.

2. At decision nodes, select the decision branch that leads to the best expected value. This
expected value becomes the expected value at the decision node.

Let us determine the optimal decision strategy for the PDC condominium project problem by

first considering the backward pass calculations at each of the decision tree terminal chance
nodes.
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19.3 Decision Strategy: Chance Nodes

The backward pass calculations computed at
chance nodes 6 to 14 provide the following expected
values:

EV(Node 6) = 0.94(8 + 0.06(7)) = 7.94
EV(Node7) = 0.94(14 + 0.06(5)) = 13.46
EV(Node8) = 0.94(20 + 0.06(—9)) = 18.26
EV(Node9) =0.35(8 +0.65(7)) = 7.35
EV(Node 10) = 0.35(14 + 0.65(5)) = 8.15
EV(Node 11) = 0.35(20 + 0.65(—9)) = 1.15
EV(Node 12) = 0.80(8 + 0.20(7)) = 7.80
EV(Node 13) = 0.80(14 + 0.20(5)) = 12.20
EV(Node 14) = 0.80(20 + 0.20(—9)) = 14.20
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19.3 Decision Strategy: Decision Nodes

For each of the decision nodes, we select the decision
alternative branch that provides the best (largest) EV.

« At node 3 (favorable report), EV(d;) = 18.26, is
greater than EV(d,) = 7.94 and EV(d,) = 13.46.

« A similar decision at node 4 (unfavorable report)
yields EV(d,) = 8.15.
« At node 5 (no market research study) the best
alternative branch has EV(d,;) = 14.20.
The EV at chance node 2 can now be computed as

EV(Node 2) = 0.77 EV(Node 3) + 0.23 EV(Node 4)
EV(Node 2) = 0.77(18.26) + 0.23(8.15) = 15.93

Finally, at node 1, the EV for node 2 is larger than the
EV for node 5. Thus, we have, EV(Node 1) = 15.93.
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19.3 Optimal Decision Strategy for the PDC Problem

The optimal decision for PDC is to conduct
the market research study and then carry
out the following decision strategy:

 If the market research report is
favorable, construct the large
condominium complex.

 If the market research report is
unfavorable, construct the medium
condominium complex.

The steps exemplified in the analysis of the PDC problem with sample information can be
used to analyze more complex sequential decision problems.
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19.3 Expected Value of Sample Information (EVSI)

The expected value of sample information (EVSI) is the additional expected profit
possible through knowledge of the sample or survey information, and is computed as follows

EVSI = |EVwSI - EVwoSI|
Where,

EVwSI is the expected value with sample information

EVwoSI the expected value without sample information

Because EVSI cannot exceed EVPI, we can define the efficiency of sample information as
EVSI
EVPI

X 100
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19.3 EVSI for the PDC Problem

In the PDC problem, we have
EVwSI = 15.93 (associated with the market research study)

EVwoSI = 14.20 (in case the market research study is not undertaken)

Thus, we can conclude that
EVSI = |EVwSI - EVwoSI| = [15.93 — 14.20| = $1.73 million.

That is, conducting the market research study adds $1.73 million to the PDC expected value.
We can also calculate the efficiency of sample information as

EVSI X 100 = 173 X 100 = 54.1%
EVPI ~3.20 O

Thus, the information from the market research study is 54.1% as efficient as perfect
information.
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19.4 Computing Branch Probabilities with Bayes’ Theorem

Bayes’ theorem can be used to compute the branch probabilities
specified for the PDC decision tree chance nodes.

The PDC decision tree is shown again to the right, where:
Market research indicator: F = favorable U = unfavorable
Market demand (state of nature): s, = strong s, = weak

We need to know the branch probabilities at the following nodes:

Node 2: P(F) and P(U)
Nodes 6-8: P(s,|F) and P(s,|F)
Nodes 9-11: P(s,{|U) and P(s,|U)
Nodes 12-14: P(sy) and P(s,)

P(s4|F), P(s,|F), P(s{|U), and P(s,|U) are referred to as posterior
probabilities because they are conditional probabilities based on
the outcome of the sample information.
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19.4 Estimating Conditional Probabilities

To calculate the posterior probabilities, we must know the conditional probability of the
market research outcomes (the sample information) given each state of nature.

The conditional probabilities may be estimated via the historical frequency of market research
reports in cases where a given demand was ultimately observed.

In the PDC problem we assume that the following assessments are available for these
conditional probabilities:

Note how the probability of a favorable
market report is much higher if demand
State of Nature Favorable, F Unfavorable, U turned out to be strong, and the opposite is
true in case of an unfavorable market report.

The conditional probability P(F|s,) is often
Weak demand, s, P(F|s,)=0.25 P(U]s,)=0.75 referred to as a false positive, and P(U|s,)
as a false negative.

Market Research

Strong demand, s; P(F|s;)=0.90 P(U|s,)=0.10

» ¢+ CENGAGE
i © 2024 Cengage Group. All Rights Reserved.

A\



19.4 Computing Posterior Probabilities

To compute the posterior probabilities for the PDC problem on a favorable market research
report (F) that are shown in the top table of the next slide, follow these steps:

Step 1. In column 1, enter the states of nature. In column 2, enter the prior probabilities for
the states of nature. In column 3, enter the conditional probabilities of a favorable
market research report (F) given each state of nature.

Step 2. In column 4, compute the joint probabilities by multiplying the prior probability
values in column 2 by the corresponding conditional probability values in column 3.

Step 3. Sum the joint probabilities in column 4 to obtain the probability of a favorable
market research report, P(F).

Step 4. Divide each joint probability in column 4 by P(F) = 0.77 to obtain the revised or
posterior probabilities, P(s;|F) and P(s,|F).

Repeating these steps for the unfavorable market research report (U) produces the
posterior probabilities P(s,|U) and P(s,|U) shown in the bottom table of the next slide.
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19.4 Posterior Probabilities for the PDC Problem

Market State of Prior Conditional Joint Posterior
Research Nature Probability Probability Probability Probability
Indicator S; P(s;) P(F|s;) P(FNs)) P(s;| F)

F S, 0.80 0.90 0.72 0.94
F S, 0.20 0.25 0.05 0.06
1.00 P(F) =0.77 1.00

Market State of Prior Conditional Joint Posterior
Research Nature Probability Probability Probability Probability
Indicator S; P(s;) P(U|s)) P(Uns) P(s;| U)

U S, 0.80 0.10 0.08 0.35
U S, 0.20 0.75 0.15 0.65
1.00 P(U)=0.23 1.00
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Summary

« Decision analysis can be used to determine an optimal decision strategy when a decision
maker is faced with decision alternatives and an uncertain pattern of future events.

« The goal of decision analysis is to identify the optimal decision strategy given information
about the uncertain events and the possible consequences or payoffs.

 The uncertain future events are called chance events and the outcomes of the chance
events are called states of nature

«  We showed how payoff tables and decision trees can be used to structure a decision
problem and describe the relationships among the decisions, the chance events, and the
consequences.

« We also introduced the concepts of perfect information and sample information.

«  We demonstrated how Bayes’ theorem can be used to compute the branch probabilities for
decision trees and to update prior probabilities with revised posterior probabilities.
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