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Sampling from a Finite Population .f2)

* Finite populations are often defined by lists such as:
* Organization membership roster
e Credit card account numbers
* Inventory product numbers

 Asimple random sample of size n from a finite population of size N is a sample
selected such that each possible sample of size n has the same probability of
being selected.

« Replacing each sampled element before selecting subsequent elements is called
sampling with replacement. An element can appear in the sample more than
once.

« Sampling without replacement is the procedure used most often.

* Inlarge sampling projects, computer-generated random numbers are often used
to automate the sample selection process.
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Sampling from a Finite Population o2

St. Andrew’s College received 900 applications for admission in the upcoming year
from prospective students. The applicants were numbered, from 1 to 900, as their
applications arrived. The Director of Admissions would like to select a simple
random sample of 30 applicants.

Step 1: Assign a random number to each of the 900 applicants.
The random numbers generated by Excel’s RAND function follow a uniform
probability distribution between 0 and 1.

Step 2: Select the 30 applicants corresponding to the 30 smallest random numbers.
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Sampling from an Infinite Population @ of3)

« Sometimes we want to select a sample, but find that it is not possible to obtain a
list of all elements in the population.

* As aresult, we cannot construct a frame for the population.
 Hence we cannot use the random number selection procedure.

 Most often this situation occurs in the case of infinite population.
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Sampling from an Infinite Population .3

* Populations are often generated by an ongoing process where there is no upper
limit on the number of units that can be generated.

 Some examples of on-going processes with infinite populations are:
* parts being manufactured on a production line

* transactions occurring at a bank
* telephone calls arriving at a technical help desk

* customers entering a store

12
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Sampling from an Infinite Population sof3)

* Inthe case of an infinite population, we must select a random sample in order
to make valid statistical inferences about the population from which the sample

is taken.
 Arandom sample from an infinite population is a sample selected such that the
following conditions are satisfied.
* Each element selected comes from the population of interest.

 Each element is selected independently.
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Sampling Distribution of X (10f10)

Process of Statistical Inference
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Sampling Distribution of X 2of10

* The sampling distribution of X is the probability distribution of all possible values
of the sample mean x.

* Expected Value of X is E(X) = u, where u = the population mean.

 When the expected value of the point estimator equals the population
parameter, we say the point estimator is unbiased.

© 2020 Cengage. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license distributed with a certain product or service or otherwise on a 15
password-protected website or school-approved learning management system for classroom use.



Statistics for Business and Economics (14e, Metric Version)

Sampling Distribution of X of1o)

We will use the following notation to define the standard deviation of
the sampling distribution of x:

* 07 = the standard deviation of X
* 0 =the standard deviation of the population
* n=the sample size

* N =the population size
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Sampling Distribution of X @4of10)

* The standard deviation of X, for a finite populationis oz = :,:1 (jﬁ)

* The standard deviation of X, for a finite populationis o5 %

* A finite population is treated as being infinite if n/N < 0.05.

N-n . . . ,
« |— is the finite population correction factor.

e Oz isreferred to as the standard error of the mean.
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Sampling Distribution of X (sof10)

 When the population has a normal distribution, the sampling distribution of X is
normally distributed for any sample size.

* In most applications, the sampling distribution of X can be approximated by a
normal distribution whenever the sample is size 30 or more.

* |n cases where the population is highly skewed or outliers are present, samples
of size 50 may be needed.

 The sampling distribution of X can be used to provide probability information
about how close the sample mean X is to the population mean L.
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Central Limit Theorem (¢ + #&*3 % 32 )

When the population from which we are selecting a random sample does not have
a normal distribution, the central limit theorem is helpful in identifying the shape
of the sampling distribution of x.

Central Limit Theorem

In selecting random samples of size n from a
population, the sampling distribution of the sample
mean X can be approximated by a normal

distribution as the sample size becomes large.
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Sampling Distribution of X (of10)

Example: St. Andrew’s College

Sampling
Distribution
of X for
SAT Scores

0p = = —==15.96

=

|
E(%) = 1697
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Sampling Distribution of X (7of10

Example: St. Andrew’s College

 What is the probability that a simple random sample of 30 applicants will

provide an estimate of the population mean SAT score that is within +£10 of the
actual population mean u?

* In other words, what is the probability that x will be between 1687 and 17077
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Sampling Distribution of X sof10)

Example: St. Andrew’s College

Step 1: Calculate the z-value at the upper endpoint of the interval.

- (1707 — 1697)
N 15.96 B

Z

Step 2: Find the area under the curve to the left of the upper endpoint.

P(z < 0.63) = 0.7357
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Sampling Distribution of X ©of10)

Example: St. Andrew’s College

Cumulative Probabilities for the
Standard Normal Distribution

Sampling Distribution
gz=15.96 of X for SAT Scores

.00 .01 02 | 03 | .02

6915 .6950 .6985 .7019 .7054
7257 7291 7324 .7389

Area = .7357
7580 .7611 .7642 .7673 .7704
7881 .7910 .7939 .7967 .7995

|

© & '\l"cn\in"\l

l
.8159 .8186 .8212 .8238 .8264 1697 1707
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Sampling Distribution of X (00t 10)

Example: St. Andrew’s College

. _ (1687 — 1697)
Step 3: Calculate the z-value at the lower endpoint of the interval. z =

= —0.63

15.96

Step 4: Find the area under the curve to the left of the lower endpoint.

P(z < —0.63) = 0.2643

Sampling Distribution
of X for SAT Scores

gz=15.96

Area =.2643

t X
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Sampling Distribution of x for SAT Scores

Example: St. Andrew’s College

Step 5: Calculate the area under the curve between the lower and upper endpoints of the
interval.

P(-0.68 < X < 0.68) = P(z <0.68) — P(z < —0.68)
= 0.7357 - 0.2643
=0.4714 O¢= 1530

The probability that the estimate of

Sampling Distribution
of X for SAT Scores

Area =.4714
population mean SAT score will be
between 1687 and 1707 is: ~

P(1687 < ¥ <1707) = 0.4714 t x

1687 1697 1707
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Relationship Between the Sample Size and the Sampling

Distribution of X @ofa)

Example: St. Andrew’s College

* Suppose we select a simple random sample of 100 applicants instead of the 30 originally
considered.

* E( x) =u regardless of the sample size. In our example, E( X) remains at 1697.

* Whenever the sample size is increased, the standard error of the mean o is
decreased. With the increase in the sample size to n = 100, the standard error
of the mean is decreased from 15.96 to:

N—mn{f o 900—-100 f 87.4
0F = [ (TH) -J o (ﬁ) = 0.9433(8.74) = 8.2
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Relationship Between the Sample Size and the Sampling
Distribution of X 2.f4

Example: St. Andrew’s College

E(x) = 1697
Y
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Relationship Between the Sample Size and the Sampling
Distribution of X ors

Example: St. Andrew’s College
e Recall that when n =30, P(1687 < x <1707) = .4714.

e We follow the same steps to solve for P(1687 < X < 1707) when n = 100 as
we showed earlier when n = 30.

e« Now, with n = 100, P(1687 < ¥ < 1707) = .7776.

¢ Because the sampling distribution with n = 100 has a smaller standard error,
the values of X have less variabilityand tend to be closer to the population

mean than the values of X with n = 30.
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Relationship Between the Sample Size and the Sampling
Distribution of X @of4

Example: St. Andrew’s College

Sampling Distribution
of X for SAT Scores

Area =.7776

=

1687 1697 1707
Y
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Other Sampling Methods

e Stratified Random Sampling
e Cluster Sampling

e Systematic Sampling

* Convenience Sampling

e Judgment Sampling
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Stratified Random Sampling (4 & “g#3 $% )

 The population is first divided into groups of elements called strata.
* Each element in the population belongs to one and only one stratum.

e Best results are obtained when the elements within each stratum are as much
alike as possible (i.e., a homogeneous group).
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Stratified Random Sampling, Part 2

 Asimple random sample is taken from each stratum.

 Formulas are available for combining the stratum sample results into one
population parameter estimate.

 Advantage: If strata are homogeneous, this method provides results that are as
“precise” as simple random sampling but with a smaller total sample size.

 Example: The basis for forming the strata might be department, location, age,
industry type, and so on.
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Cluster Sampling uory (& 3 4% )

* The population is first divided into separate groups of elements called clusters.

* Ideally, each cluster is a representative small-scale version of the population
(i.e., heterogeneous group).

 Asimple random sample of the clusters is then taken.

* All elements within each sampled (chosen) cluster form the sample.
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Cluster Sampling or2)

 Example: A primary application is area sampling, where clusters are city blocks
or other well-defined areas.

* Advantage: The close proximity of elements can be cost effective (i.e., many
sample observations can be obtained in a short time).

e Disadvantage: This method generally requires a larger total sample size than
simple or stratified random sampling.
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e
Systematic Sampling wory ( % $t3d % )
* If asample size of n is desired from a population containing N elements, we
might sample one element for every N/n elements in the population.
* We randomly select one of the first N/n elements from the population list.

* We then select every N/nth element that follows in the population list.
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Systematic Sampling o2

* This method has the properties of a simple random sample, especially if the list
of the population elements is a random ordering.

 Advantage: The sample usually will be easier to identify than it would be if
simple random sampling were used.

« Example: Selecting every 100 listing in a telephone book after the first
randomly selected listing.
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Convenience Sampling ( i §134 4% )

* Itis a nonprobability sampling technigue. Iltems are included in the sample
without known probabilities of being selected.

 The sample is identified primarily by convenience.

 Example: A professor conducting research might use student volunteers to
constitute a sample.

 Advantage: Sample selection and data collection are relatively easy.

* Disadvantage: It is impossible to determine how representative of the
population the sample is.
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Judgment Sampling ( = & #1)

 The person most knowledgeable on the subject of the study selects elements of
the population that he or she feels are most representative of the population.

 |tis a nonprobability sampling technique.

 Example: A reporter might sample three or four senators, judging them as
reflecting the general opinion of the senate.

* Advantage: It is a relatively easy way of selecting a sample.

* Disadvantage: The quality of the sample results depends on the judgment of the
person selecting the sample.
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Recommendation

* |tis recommended that probability sampling methods (simple random,
stratified, cluster, or systematic) be used.

* For these methods, formulas are available for evaluating the “goodness” of the
sample results in terms of the closeness of the results to the population
parameters being estimated.

* An evaluation of the goodness cannot be made with non-probability
(convenience or judgment) sampling methods.
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Chapter 8 - Interval Estimation

8.1 — Population Mean: o Known

8.2 — Population Mean: ¢ Unknown
8.3 — Determining the Sample Size

8.4 — Population Proportion

8.5 — Big Data and Confidence Intervals

13523k
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Margin of Error and the Interval Estimate

e A point estimator cannot be expected to provide the exact value of the population
parameter.

* An interval estimate can be computed by adding and subtracting a margin of error
to the point estimate.

Point estimate + Margin of error

* The purpose of an interval estimate is to provide information about how
close the point estimate is to the value of the parameter.
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Meaning of C% Confidence

 We say that this interval has been established at the 90% confidence level.

e The value 0.90 is referred to as the confidence coefficient.
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Interval Estimate of a Population Mean: o Unknown

* If an estimate of the population standard deviation, o, cannot be developed prior to
sampling, we use the sample standard deviation, s, to estimate o.

* This is the o unknown case.
* In this case, the interval estimate for i is based on the t distribution.

* We’ll assume for now that the population is normally distributed.
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t Distribution (1ofa)

e William Gosset, writing under the name “Student,” is the founder of the t
distribution.

e Gosset was an Oxford graduate in mathematics and worked for the Guinness
Brewery in Dublin.

* He developed the t distribution while working on small-scale materials and
temperature experiments.

Student - William Sealy
Gosset (1876 - 1937)

I e I
d-pint-of-guinness-original-on-a-white-
background-picture-id458589987
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t Distribution 2ofa)

* The tdistribution is a family of similar probability distributions.

* A specific t distribution depends on a parameter known as the degrees of
freedom.

 Degrees of freedom refer to the number of independent pieces of
information that go into the computation of s.

e A t distribution with more degrees of freedom has less dispersion.

* As the degrees of freedom increase, the difference between the t distribution

and the standard normal probability distribution becomes smaller and
smaller.
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t Distribution ofa)

* For more than 100 degrees of freedom, the standard normal z value provides a good
approximation to the t value.

e The standard normal z values can be found in the infinite degrees (o) row of the t
distribution table.

t distribution
(20 degrees
of freedom)

Standard

normal —
distribution

t distribution
(10 degrees
of freedom)

z t
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t Distribution @ofa

Degrees Area in Upper Tail

of Freedom .20 .10 .05 .025 .01

.005

50
60
80
100

.349
.348
.846
.845
842

1.299
1.296
1.292
1.290
1.282

1.676
1.671
1.664
1.660
1.645

2.009
2.000
1.990
1.984
1.960

2.403
2.390
2.374
2.364
2.326

2.678
2.660
2.639
2.626
2.576

(bottom row is standard normal z values)

© 2020 Cengage. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license distributed with a certain product or service or otherwise on a 53
password-protected website or school-approved learning management system for classroom use.



Statistics for Business and Economics (14e, Metric Version)

Interval Estimate of a Population Mean: o Unknown (1 ofs)

Interval Estimate of u:
S
X i tﬂ‘ﬂﬁ
Where:
X =the sample mean
1 — a = the confidence coefficient.

tq /2= the t-value providing an area of @/2 in the upper tail of the t distribution withn -1
degrees of freedom.

s = the sample standard deviation

n = the sample size

54



Statistics for Business and Economics (14e, Metric Version)

Interval Estimate of a Population Mean: o Unknown (2 ofs)

Example: Apartment Rents

A reporter for a student newspaper is writing an article on the cost of off-
campus housing. A sample of 16 one-bedroom apartments within 1 kilometer
of campus resulted in a sample mean of $750 per month and a sample standard
deviation of S$55.

Let us provide a 95% confidence interval estimate of the mean rent per month
for the population of one-bedroom apartments within 1 kilometer of campus.
We will assume this population to be normally distributed.
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Interval Estimate of a Population Mean: o Unknown 3 ofs)

* At 95% confidence, @ = 0.05 and a/2 = 0.025.

* thoos ishasedonn—1=16—-1= 15 degrees of freedom.

Degrees Area in Upper Tail

of Freedom 20 10 .05 .01 005
QG5O 866 1341 1753 _2131) 2602 2947

16 .865 : 1.746 2.120 2.583 2.921
17 .863 1.333 1.740 2.110 2.567 2.898
18 .862 1.330 1.734 2.101 2.520 2.878
19 .861 1.328 17242 2.093 2.539 2.861
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Interval Estimate of a Population Mean: o Unknown @ ofs)

Interval Estimate

- s
X *tors—=

Vn

55
750 + 2.131E =750 + 29.30

We are 95% confident that the mean rent per month for the
population of one-bedroom apartments within 1 kilometer of campus
is between $720.70 and $779.30.
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Interval Estimate of a Population Mean: o Unknown s ofs)

Adequate Sample Size

* Usually, a sample size of at least 30 is adequate when using a t interval to
estimate a population mean.

* If the population distribution is highly skewed or contains outliers, a sample
size of 50 or more is recommended.

* If the population is not normally distributed but is roughly symmetric, a
sample size as small as 15 will suffice.

* If the population is believed to be at least approximately normal, a sample
size of less than 15 can be used.
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Summary of Interval Estimation Procedures for a Population Mean

Can the
population standard
deviation o be assumed
known ?

Yes

Use the sample
standard deviation
s to estimate o

l .
Use Use
_ o o Known o Unknown B s
Xt Zg/2 I Case Case x + taj2 7
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Sample Size for an Interval Estimate of a Population Mean (1of4)

Let E' = the desired margin of error.

e F is the amount added to and subtracted from the point estimate to obtain an
interval estimate.

* If a desired margin of error is selected prior to sampling, the sample size necessary
to satisfy the margin of error can be determined.

g
* Margin of error E=2z./,—
Jn
. (Zafz)zo'z
* Necessary sample size n=—-2;
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Sample Size for an Interval Estimate of a Population Mean (20f4)

The Necessary Sample Size equation requires a value for the population standard
deviation, o.

If o is unknown, a preliminary or planning value for o can be used in the equation.

1. Use the estimate of the population standard deviation computed in a previous
study.

2. Use a pilot study to select a preliminary sample and use the sample standard
deviation from the study.

3. Use judgment or a “best guess” for the value of o.
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Sample Size for an Interval Estimate of a Population Mean ;3 of4)

Example: Discount Sounds

Recall that Discount Sounds is evaluating a potential location for a new retail
outlet based in part on the mean annual income of the individuals in the
marketing area of the new location.

Suppose that Discount Sounds’ management team wants an estimate of the
population mean such that there is a 0.95 probability that the sampling error is
S500 or less.

How large a sample size is needed to meet the required precision?
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Sample Size for an Interval Estimate of a Population Mean (ofa)

o
E :3-:17;2_

Vn

E =500, o = 4,500, at 95% confidence z5 g5 = 1.96

_ (za/2) 02 _ (1.96)*(4500)?

2 = 311.17 ~ 312

n

A sample size of 312 is needed to reach the desired precision of +500 at 95% confidence.
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Interval Estimate of a Population Proportion 1 ofs)

 The general form of an interval estimate of a population proportion
IS:

p + Margin of error
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Interval Estimate of a Population Proportion 2ofs)

Normal Approximation of the Sampling Distribution of p.

1- e« ofall
p values
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Interval Estimate of a Population Proportion i ofs)
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Interval Estimate of a Population Proportion @ofs)

Example: Political Science, Inc.

Political Science, Inc. (PSl) specializes in voter polls and surveys designed to keep
political office seekers informed of their position in a race.

Using telephone surveys, PSl interviewers ask registered voters who they would vote
for if the election were held that day.

In a current election campaign, PSI has just found that 220 registered voters, out of
500 contacted, favor a particular candidate. PSI wants to develop a 95% confidence
interval estimate for the proportion of the population of registered voters that favor
the candidate.
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Interval Estimate of a Population Proportion s ofs)

p(L=p)

Pt Zy/2 "

Where n = 500, p = 220/500 = 0.44, 4/, =1.96

0.44 (1 — 0.44)
0.44 + 1.96

500

0.44 + 0.0435

PSI is 95% confident that the proportion of all voters that favor the
candidate is between 0.3965 and 0.4835.
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Sample Size for an Interval Estimate of a Population Proportion (1 0f4

p(1-p)
n

* Marginoferror  E=24/;

. (Zn:/z)z?j(l _ ﬁ)
= o

 Solving for n, the necessary sample size is n

* However, p will not be known until after we have selected the sample.
Therefore, we will use the planning value p“for p.
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Sample Size for an Interval Estimate of a Population Proportion 20t 4)

2
Necessary Sample Size (EJ;E) p(1—p")
—_—
E2

The planning value p™ can be chosen by:

1. Using the sample proportion from a previous sample of the same or similar size.

2. Selecting a preliminary sample and using the sample proportion from that sample.
3. Using judgment or a “best guess” for the p™ value.

4. Otherwise, use p* = 0.5.
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Sample Size for an Interval Estimate of a Population Proportion (s of4)

Example: Political Science, Inc.

Suppose that PSI would like a 0.99 probability that the sample proportion is
within + 0.03 of the population proportion.

How large a sample size is needed to meet the required precision? (A previous
sample of similar units yielded 0.44 for the sample proportion.)
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Sample Size for an Interval Estimate of a Population Proportion ot

E =0.03, p” =0.44, and at 99% confidence, z; gg5 =2.576.

(2a2) P ")
n= 2

~ (2.576)% (0.44)(0.56)

= 1817
(0.03)2

n

A sample size of 1817 is needed to reach the desired precision of £0.03 at 99% confidence.

Note: We used 0.44 as the best estimate of p. If no information is available about p, then 0.5 is often used
Becaulsg igprovides the greatest possible sample size. If we had used p* = 0.5, the recommended n would have
een 1843.
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Chapter 9 - Hypothesis Tests

9.1 - Developing Null and Alternative Hypotheses Decision From Testing
9.2 - Type | and Type Il Errors _ | _
Reject Hye Fail to Reject Hi
9.3 - Population Mean: o Known
Type I Error Correct Dectstone

9.4 - Population Mean: g Unknown

HyssTRUE® | (False Positive, @) | (True Positive)s

9.5 - Population Proportion

Truthe

9.6 — Hypothesis Testing and Decision Making i FALSES [ETHHEE;Deci_siu;# (F]Ep;II E:'IWB)
rue Negafive alse Negafive )¢

9.7 — Calculating the Probability of Type Il Errors

9.8 — Determining the Sample Size for a Hypothesis Test about a Population Mean

9.9 — Big Data and Hypothesis Testing
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Hypothesis Testing ( 3k #& <)

e Hypothesis testing can be used to determine whether a statement about the
value of a population parameter should or should not be rejected.

* The null hypothesis (& #& B3k ) , denoted by H,, is a tentative assumption
about a population parameter.

* The alternative hypothesis ( ¥ 3k ) , denoted by H,, is the opposite of
what is stated in the null hypothesis.

* The hypothesis testing procedure uses data from a sample to test the two
competing statements indicated by H,and H,,

76



Statistics for Business and Economics (14e, Metric Version)

https://epaper.ntuh.gov.tw/health/201606/images/health 5 clip image002.jpg

\Y
=)

B H S iR > BHE A - A~ B 3L o
34 (Type-1 Error) ¥ % P(IES Hy/H, & %)

v

= #%4 (Type-2 Error) ¥ **P(# FEZ HH,? 5 E)

—

O O
MR TE T 1Y
\




Statistics for Business and Economics (14e, Metric Version)

Developing Null and Alternative Hypotheses (10f4)

* It is not always obvious how the null and alternative hypotheses should be
formulated.

e Care must be taken to structure the hypotheses appropriately so that the test
conclusion provides the information the researcher wants.

* The context of the situation is very important in determining how the
hypotheses should be stated.

* In some cases it is easier to identify the alternative hypothesis first. In other
cases the null is easier.

* Correct hypothesis formulation will take practice.
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Developing Null and Alternative Hypotheses 2 of4)

Alternative Hypothesis as a Research Hypothesis

* Many applications of hypothesis testing involve an attempt to gather evidence in
support of a research hypothesis.

* |n such cases, it is often best to begin with the alternative hypothesis and make it the
conclusion that the researcher hopes to support.

* The conclusion that the research hypothesis is true is made if the sample data
provides sufficient evidence to show that the null hypothesis can be rejected.

Example: A new teaching method is developed that is believed to be better than the
current method.

Null Hypothesis: The new method is no better than the old method.

Alternative Hypothesis: The new teaching method is better.
-
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Developing Null and Alternative Hypotheses 3 of4)

Example: A new sales force bonus plan is developed in an attempt to increase sales.
Null Hypothesis:

The new bonus plan will not increase sales.
Alternative Hypothesis:

The new bonus plan will increase sales.

Example: A new drug is developed with the goal of lowering blood pressure more than the
existing drug.

Null Hypothesis: The new drug does not lower blood pressure more than the
existing drug.

Alternative Hypothesis: The new drug lowers blood pressure more than the
existing drug.
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Developing Null and Alternative Hypotheses o4

Null Hypothesis as an Assumption to be Challenged

* We might begin with a belief or assumption that a statement about the value of a
population parameter is true.

 We then use a hypothesis test to challenge the assumption and determine if
there is statistical evidence to conclude that the assumption is incorrect.

* Inthese situations, it is helpful to develop the null hypothesis first.
Example: The label on a soft drink bottle states that it contains 67.6 fluid ounces.

Null Hypothesis: The label is correct. u = 67.6 ounces.
Alternative Hypothesis: The label is incorrect. u < 67.6 ounces.
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Summary of Forms for Null and Alternative Hypotheses

* The equality part of the hypotheses always appears in the null hypothesis.

* |In general, a hypothesis test about the value of a population mean u must
take one of the following three forms (where p, is the hypothesized value
of the population mean).

1. One-tailed, lower tail: Ho:-nt = pg Hp:p < Ug
2. One-tailed, upper tail: Ho:lt < g Hg:pt > g
3. Two-tailed: Ho:pt =ty Hp: it = Uy
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Null and Alternative Hypotheses (1 0f2)
Example: Metro EMS

A major west coast city provides one of the most comprehensive emergency
medical services in the world. Operating in a multiple hospital system with
approximately 20 mobile medical units, the service goal is to respond to
medical emergencies with a mean time of 12 minutes or less.

The director of medical services wants to formulate a hypothesis test that

could use a sample of emergency response times to determine whether or not
the service goal of 12 minutes or less is being achieved.
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Null and Alternative Hypotheses (2 of2)

Hy: it =12  The emergency service is meeting the response goal.

No follow-up action is necessary.

H :u>12 The emergency service is not meeting the response goal.

Appropriate follow-up action is necessary.

where [t = the mean response time for the population of medical emergency requests.
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Type | Error

* Because hypothesis tests are based on sample data, we must allow
for the possibility of errors.

* A Type | error is rejecting H, when it is true.

* The probability of making a Type | error when the null hypothesis is
true as an equality is called the level of significance (% % -k &) |

 Applications of hypothesis testing that only control for the Type | error
are often called significance tests.
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Type |l Error

* A Type |l error is accepting H, when it is false.

* It is difficult to control for the probability of making a Type Il error.

* Statisticians avoid the risk of making a Type Il error by using “do not reject
H," rather than “accept H,".

o BREREETSEHRETF TESH, v T2ESH, o
PREFTEFRT NRTHAITSERET AR |
(F2h G BHBEF M o )
S
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Type | and Type Il Errors

Population Condition

H, True Ho False
Conclusion (1 =12) (1> 12)
Accept H, Correct
(Conclude 1 < 12) Conclusion Vel e
Reject H, Tvoe | Error Correct
(Conclude ;> 12) yP Conclusion
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p-Value Approach to One-Tailed Hypothesis Testing

* The p-value is the probability, computed using the test statistic, that
measures the support (or lack of support) provided by the sample for the
null hypothesis.

* If the p-value is less than or equal to the level of significance a, the value of
the test statistic is in the rejection region.

* Reject H,, if the p-value < a.
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Suggested Guidelines for Interpreting p-Values

* Less than 0.01: Overwhelming evidence to conclude H, is true.

* Between 0.01 and 0.05: Strong evidence to conclude H, is true.

* Between 0.05 and 0.10: Weak evidence to conclude H, is true.

* Greater than 0.10: Insufficient evidence to conclude H,, is true.
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Lower-Tailed Test About a Population Mean: o Known (1 0f2)

p-Value Approach

Sampling
Distribution of
X — Ho

" o/\n

Z

so reject H,. i __

i

|
z=  z,= 0
146 -1.28
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Lower-Tailed Test About a Population Mean: o Known (2 of2)

Critical Value Approach (&M &

Sampling
Distribution of
X — Ho

~ o/yn

Z
Reject Hy «—

a =.10

ot Reject H,
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Steps of Hypothesis Testing

Step 1. Develop the null and alternative hypotheses.
Step 2. Specify the level of significance a.
Step 3. Collect the sample data and compute the value of the test statistic.

p-Value Approach
Step 4. Use the value of the test statistic to compute the p-value.
Step 5. Reject H, if p-value < a.

Critical Value Approach
Step 4. Use the level of significance a to determine the critical value and the rejection rule.

Step 5. Use the value of the test statistic and the rejection rule to determine whether to
reject H,.
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One-Tailed Test About a Population Mean: o Unknown o4

1. Develop the hypotheses.
Hy: <65
H.: g0>65

2. Specify the level of significance. a =.05

3. Compute the value of the test statistic.

X—pg _ 66.2—65

sjﬁ__4.2juﬁ=2'286

 —
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One-Tailed Test About a Population Mean: o Unknown o4

p —Value Approach
4. Compute the p —value.

5. Determine whether to reject H,,.
Because p-value < a = 0.05, we reject H,.

We are at least 95% confident that the mean speed of vehicles at Location F is greater
than 65 km/h.
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One-Tailed Test About a Population Mean: o Unknown zors)

Critical Value Approach
4. Determine the critical value and the rejection rule.

Fora=0.05and df =64 -1=63, {395 = 1.669.
We will reject Hy if t = 1.669.

5. Determine whether to reject H,,.
Because 2.286 2 1.669, we reject H,,.

We are at least 95% confident that the mean speed of vehicles at Location F is greater than 65 km/h.
Location F is a good candidate for a radar trap.
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One-Tailed Test About a Population Mean: o Unknown ot

Reject H,
(a=.03)

» p-value (p-Value < «,

Do Not Rgject H - < 025 so reject Hy.)
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A Summary of Forms for Null and Alternative Hypotheses About a
Population Proportion

* The equality part of the hypotheses always appears in the null hypothesis.

* In general, a hypothesis test about the value of a population proportion p must
take one of the following three forms (where p, is the hypothesized value of the
population proportion).

1. One-tailed, lower tail: Hy:p=Zpo Hugp<pg
2. One-tailed, upper tail: Hy:p < po H. 20 >pq
3. Two-tailed: Hy:p =pg H,:p # p,
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Tests About a Population Proportion .2

Test Statistic:

P — Po
JPu(l — Po)

n

e —

Assuming np = 5and n(1 —p) = 5.
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Tests About a Population Proportion .2

* Rejection Rule: p —Value Approach

Reject H, if p —value < a

* Rejection Rule: Critical Value Approach

« Lower-tail: Reject Hyifz<—2z,
« Upper-tail: Reject H,ifz 2 z,
« Two-tail: RejectH,ifz<—-z_ orifz2z,
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Two-Tailed Test About a Population Proportion (ot4

Example: National Safety Council (NSC)

For a Christmas and New Year’s week, the National Safety Council estimated
that 500 people would be killed and 25,000 injured on the nation’s roads. The
NSC claimed that 50% of the accidents would be caused by drunk driving.

A sample of 120 accidents showed that 67 were caused by drunk driving. Use
these data to test the NSC’s claim with a = 0.05.
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Two-Tailed Test About a Population Proportion ors)

1. Determine the hypotheses. Hy:p=.5and H,:p #.5
2. Specify the level of significance. a =.05

3. Compute the value of the test statistic.

O_ﬁz\[m(l—Pﬂ):\[-S(l—EJ: ———
n 120

67

7 PP _ m)‘-E :
op 045644
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Two-Tailed Test About a Population Proportion ot

p —Value Approach
4. Compute the p —value.

For z = 1.28, the cumulative probability = 0.8997.
p-value = 2(1-0.8997) = 0.2006.

5. Determine whether to reject H,,.
Because p-value = 0.2006 > a = 0.05, we cannot reject H,,.

We do not have convincing evidence that the true proportion of accidents that would
be caused by drunk driving is different than 50%.
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Two-Tailed Test About a Population Proportion ot

Critical Value Approach
4. Determine the critical value and the rejection rule.

5. Determine whether to reject H,,.
Because 1.278 is not less than —1.96 and is not greater than 1.96, we cannot reject H,,.

We do not have convincing evidence that the true proportion of accidents that would be
caused by drunk driving is different than 50%.
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Chapter 10 - Inference About Means and Proportions with Two
Populations

10.1 — Inferences about the Difference Between Two Population Means: ¢; and
0, Known

10.2 — Inferences about the Difference Between Two Population Means: ¢, and
0, Unknown

10.3 — Inferences about the Difference Between Two Population Means:
Matched Samples

10.4 — Inferences about the Difference Between Two Population Proportions
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Estimating the Difference Between Two Population Means (10f2)
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Sampling Distribution of X; — X,

 Mean/Expected value:

E(xX; —X3) = (g —ly

* Standard Deviation (Standard Error):

Where: o, = standard deviation of population 1
g, = standard deviation of population 2
n,; = sample size from population 1
n, = sample size from population 2
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Interval Estimation of u,— u, when o, and o, are Known (1 of3)

Interval Estimate

(01)° + (02)%
ny n;

(X — %) £ Za[2

Where 1 — a is the confidence coefficient.
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Interval Estimation of u, — u, when o, and o, are Known (2 of3)

Example: Par, Inc.

Par, Inc. is @ manufacturer of golf equipment and has developed a new golf ball that has
been designed to provide “extra distance.”

In a test of driving distance using a mechanical driving device, a sample of Par golf balls was
compared with a sample of golf balls made by Rap, Ltd., a competitor. The sample statistics
appear on the next slide.
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|
Interval Estimation of u, — u, when o, and o, are Known ;z of3)

Example: Par, Inc. Sample #1 Sample # 2
Par, Inc. Rap, Ltd.
Sample Size 120 balls 80 balls

Sample Mean 295 yards 278 yards

Based on data from previous driving distance tests, the two population standard deviations are
known with o, = 15 yards and o, = 20 yards.

Let us develop a 95% confidence interval estimate of the difference between the mean driving
distances of the two brands of golf ball.
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Estimating the Difference Between Two Population Means 20f2)

Population 2
Rap, Ltd. Golf Balls
[, = mean driving

distance of Rap
golf balls

Population 1
Par, Inc. Golf Balls

£, = mean driving
distance of Par
golf balls

1, — 1, = difference between
the mean distances

Simple random sample Simple random sample
of n, Par golf balls of n, Rap golf balls
X1= sample mean distance X,=sample mean distance

for the Par golf balls for the Rap golf balls

X; — X, = Point Estimate of 14, — 1,
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Interval Estimation of u, — u, when o, and o, are Known

= = (61)? | (03)?
(X, — %) & Ea/EJ — =t

ny nz

(15)%  (20)%
120 80

(295 - 278) + 1.96\]

17 £ 5.14
11.86t0 22.14

We are 95% confident that the difference between the mean driving distances of
Par, Inc. balls and Rap, Ltd. ballsis 11.86 to 22.14 yards.

© 2020 Cengage. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license distributed with a certain product or service or otherwise on a 115
password-protected website or school-approved learning management system for classroom use.



Statistics for Business and Economics (14e, Metric Version)

Hypothesis Tests About u, — u, when o, and o, are Known (1 ofs)

A hypothesis test about the value of the difference in two population means p; — u, must take
one of the following three forms (where D, is the hypothesized difference in the population
means)

1. One-tailed, lower tail: Hy: puy—p,= Dy H,:py—p,< Dy

2. One-tailed, upper tail: Hy: py—p,< Dy H,: u,—u,> D

3. Two-tailed: Hy: py—py,= Dy, H,:py—pu,# Dy
Test Statisti Z = _x
est Statistic:
(01)? , (03)?
ny Ny

© 2020 Cengage. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license distributed with a certain product or service or otherwise on a 116
password-protected website or school-approved learning management system for classroom use.



Statistics for Business and Economics (14e, Metric Version)

Hypothesis Tests About p, — u, when o, and o, are Known (2 ofs)

Example: Par, Inc.

Can we conclude, using a = 0.01, that the mean driving distance of Par, Inc.
golf balls is greater than the mean driving distance of Rap, Ltd. golf balls?
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Hypothesis Tests About u, — u, when o, and o, are Known s ofs)

1. Develop the hypotheses.

2. Specify the level of significance. a =0.01

3. Compute the value of the test statistic.

— (¥1—%z)—Do _ (295-278)-0 _ 17 _ 6. 49

(01)% , (02)° (15)2 . (20)2 2.62
ny ny 120 80
L.
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Hypothesis Tests About u, — u, when o, and o, are Known (o s)

p —Value Approach
4. Compute the p-value.

For z = 6.49, the p-value < 0.0001

5. Determine whether to reject H,.
Because p-value < 0.0001 < a = 0.01, we reject H,,.

At the 0.01 level of significance, the sample evidence indicates the mean driving
distance of Par, Inc. golf balls is greater than the mean driving distance of Rap, Ltd.
golf balls.
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Hypothesis Tests About u, — u, when o, and o, are Known (s ofs)

Critical Value Approach
4. Determine the critical value and the rejection rule.

For a =0.01, z5 o1 = 2.33. We will reject H, if z 2 2.33.

5. Determine whether to reject H,,.
Because 6.49 2 2.33, we reject H,,.

The sample evidence indicates the mean driving distance of Par, Inc. golf balls is greater
than the mean driving distance of Rap, Ltd. golf balls.
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Interval Estimation of u, — u, when o, and g, are Unknown (1ofs)

When g4 and o, are unknown we will:

1. Use the sample standard deviations, s; and s,, as estimates of g4 and o>
and

2. Replace z4/2 with ty 2.

121



Statistics for Business and Economics (14e, Metric Version)

Interval Estimation of u, — u, when o, and o, are Unknown (2 ofs)

Interval Estimate

(51)? N (52)?

X1 — X))+t
(1 EJ_EHE 1, n,

Where the degrees of freedom for t, /, are:

((31)2 +(sg)2)2

nq Mo
2 2
(n1 - 1) ((Snl) 2) K (”2 - 1) ((Srfz) 2)
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Interval Estimation of u, — u, when o, and o, are Unknown @ ofs)

Example: Specific Motors

Specific Motors of Detroit has developed a new Automobile known as
the M car. 24 M cars and 28 J cars (from Japan) were road tested to

compare miles-per-gallon (mpg) performance.

Sample #1 Sample #2
M Cars J Cars
Sample Size 24 cars 28 cars
Sample Mean 29.8 miles per gallon 27.3 miles per gallon
Sample Std. Dev. 2.56 miles per gallon 1.81 miles per gallon
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|
Interval Estimation of u, — u, when o, and o, are Unknown (e

Let us develop a 90% confidence interval estimate of the difference between the mpg
performances of the two models of automobile.

Let
11 = the mean miles per gallon for the population of M cars.

U, = the mean miles per gallon for the population of J cars.
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Interval Estimation of u, — u, when o, and g, are Unknown (s ofs)

The degrees of freedom for t, /, are

24 28
df = > = 40.59 = 41

(3341— 1) ((zgf)z)z * (231— 1) ((1'28_31)2)

2
((2.56)2 ; (1.81)2)

With /2 = 0.05 and df = 41, t,/, = 1.683
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Interval Estimation of u, — u, when o, and o, are Unknown (s ofs)

(s1)? N (52)?
nq n-

(X, — %) tafz\[

(2.56)2  (1.81)2
24 T 28

(29.8 — 27.3) + 1.683‘/

Z:55k1.053

1.449 to 3.551 mpg

We are 90% confident that the difference between the miles-per-gallon
performances of M cars and J cars is 1.449 to 3.551 mpg.

© 2020 Cengage. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part, except for use as permitted in a license distributed with a certain product or service or otherwise on a 126
password-protected website or school-approved learning management system for classroom use.



Statistics for Business and Economics (14e, Metric Version)

Hypothesis Tests About u, — u, when o, and o, are Unknown (14f¢)

A hypothesis test about the value of the difference in two population means p; — u, must take one of the
following three forms (where D, is the hypothesized difference in the population means)

Test Statistic: ; (%, —%5)—Dg

N (51)2_]_(52}2

nq Ny
e
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Hypothesis Tests About u, — u, when o, and o, are Unknown (2o ¢)

Example: Specific Motors

Can we conclude, using a .05 level of significance, that the miles-per-gallon (mpg)
performance of M cars is greater than the miles-per-gallon performance of J cars?
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Hypothesis Tests About u, — u, when o, and o, are Unknown of¢)

1. Develop the hypotheses. Hgy: puy—p,< 0

Haipy—p2> 0
;1 = the mean mpg for the population of M cars

[, = the mean mpg for the population of J cars

2. Specify the level of significance. a =0.05

3. Compute the value of the test statistic

_ (#—%)-Dy _ (29.8-27.3)-0

t = = =4.003
(s1)2 |, (s2)? (2.56)2 (1.81)2
ny = n 24 28
L.
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Hypothesis Tests About u, — u, when o, and o, are Unknown (f )

The Degrees of freedom for t, are

(2.56)* , (181)*
df = k. 8 1 > = 40.59
[(2 56)2", 1 [(1.81)
24 —1 28— 1| 24

41
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Hypothesis Tests About u, — u, when o, and o, are Unknown (s of )

p-Value Approach
4. Compute the p-value.

For t =4.003 and df = 41, the p-value < 0.005

5. Determine whether to reject H,,.
Because p-value < a = 0.05, we reject H,,.

At the 0.05 level of significance, the sample evidence indicates that the miles-per-
gallon (mpg) performance of M cars is greater than the miles-per-gallon
performance of J cars.
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Hypothesis Tests About u, — u, when o, and o, are Unknown (s of )

Critical Value Approach
4. Determine the critical value and the rejection rule.

For a =0.05 and df =41, ty 45 = 1.683. We will reject H, if t > 1.683.

5. Determine whether to reject H,,.
Because 4.003 > 1.683, we reject H,,.

We are at least 95% confident that the miles-per-gallon (mpg) performance of M cars
is greater than the miles-per-gallon performance of J cars.
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Inferences About the Difference Between
Two Population Means: Matched Samples

With a matched-sample design each sampled item

provides a pair of data values.

This design often leads to a smaller sampling error
than the independent-sample design because variation
between sampled items is eliminated as a source of

sampling error.
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Inferences About the Difference Between
Two Population Means: Matched Samples

= Example: Express Deliveries

A Chicago-based firm has
documents that must be quickly
distributed to district offices
throughout the U.S. The firm
must decide between two delivery
services, UPX (United Parcel Express) and INTEX

(International Express), to transport its
documents.
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Inferences About the Difference Between
Two Population Means: Matched Samples

= Example: Express Deliveries

In testing the delivery times
of the two services, the firm sent
two reports to a random sample
of its district offices with one report

carried by UPX and the other report
carried by INTEX. Do the data on the next

slide indicate a difference in mean delivery times for the two
services? Use a .05 level of significance.
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Delivery Time (Hours)

District Office UPX INTEX Difference

Seattle 32 25 7
Los Angeles 30 24 6
Boston 19 15 4
Cleveland 16 15 1
2
3

New York 15 13
Houston 18 15
Atlanta 14 15 -1
St. Louis 10 8 2
Milwaukee 7 9 -2
Denver 16 11 5
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® p —Value and Critical Value Approaches

1. Develop the hypotheses.
Hy py=0
H,;: u;#0

Let u;=the mean of the difference values for the
two delivery services for the population
of district offices
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p —Value and Critical Value Approaches

2. Specify the level of significance. « =.05

3. Compute the value of the test statistic.

_ (7+6+...+5) —27
10

2.d,

n
s —Z(dl'_d)z—%'l—w
4 n—1 V9 7

d—p,  27-0
"= N 29410

d =

= 2.94)
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® p —Value Approach

/—

For t=2.94 and df =9, the p—value is between y
.02 and .01. (This is a two-tailed test, so we
double the upper-tail areas of .01 and .005.)

- 5. Determine whether to reject Hy.
Because p—value < a =.05, we reject H,,.
We are at least 95% confident that there is

a difference in mean delivery times for the two
services?
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® Critical Value Approach

Fora=.05and df=9, t,,; = 2.262.
Reject Hif ¢ > 2.262

+ 5. Determine whether to reject H,.
Because t = 2.94 > 2.262, we reject H,,.

We are at least 95% confident that there is a
difference in mean delivery times for the two
services?
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