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2@ p & (Linear Interpolation)
3 S(x+t)=(1-1t)-S(X)+t-S(x+1)
— 4p # P 4% (Exponential Interpolation)
S(X+1)=S(x)"" xS(x+1)'
log(S(x+1)) =(1—-t)log(S(x))+tlog(S(x+1)).
-3 fop 3&(Harmonic Interpolation)
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Everett 4-point Formmula

— Original Data
— - - - - Esrerett 4 -point
— - - - WA (n—2 =—0)
— - WA (n—2.=—2)
E_
o — -
e
=
£ =
[ | —
= =
Ly —]
| —
—

m
<
D
ﬁ
D
ﬁ
H-
=
3
2
v
\(:\
4.\.\.)\

—%‘»
<O



_ % 38 ;- Spline

—
m 538 5N Splmez 2T 7 (Smoothness) Splinef-
& 5 %7 5 38 ;% 3 #i(Piecewise Polynomial

Function) » #8 & e78 ;2 R 40 5 4 = ok o

¥ - Kot iv 533V 3 o
9.%-,11—— B % I8 Nk A g g_'z:#};,bt_, o

Rz en

~—

2> 7 7 SplinesniT s % 45 o



., % 78 7% Spline(§)

= Splines = f&* % .

(1) RB~% B BT i iE > 3§ -5 P 46
(Interpolation) ie

(2) 2 % 7] ﬁﬁ&ﬁéi
S@cf & T

;L . 3 BF 2 p FESpline (Interpolating spline) %
L 7 Spline (Smoothing spline) ¥ f§ -

FRF 0 A



g =~ 2004 Ly wHEGH 2 &
%5 AT Rissr = 5P| 2 R2005E e
FEEE - (L Ai33)

>Fb x3 3217 f uSplinep #& £2~H &0
o= F o @ Rgcte 0 Tspline y 4p 4
EHEPNFBDER > AN 52182k NH
AT :72: °

QSpllneP\ i r- Z%' oA s T 0 10K
v FE Mo HENEZ g A2 - » BRK

E

RN G #:%ﬁxf‘a"; ¥ AT .



Taiwan Male 2005 (73 §&Spline)

('“IJ —
------- Raw 1 2005)
------- Prior {2004)
T — Bayesian {r=09)
— Splinefvid
(.CI) —
OCI:I —
I:I —

Ane

60

80




Taiwan Male 2005 (P EESpline vs. (A BrEEZE e 3F)

"""" Faws (200%5)
— PERERZ005 A aEEs
- | — SplineFfE

log{ax)

-10

Age



Prob. of death {log scale)

-10

------

-12

age

Heligman-Pollard #-2] # % # & e a5e = & 5
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An Example of Cubic Splines
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Taiwan Male 1999 (Spline)
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Taiwan Male 1999 (Whittaker vs. Spline)
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Note: Two terms of the right-hand side of the
objective function usually represent constraints
opposite to each other.

- The first term measures how far the smoothers
differ from the original observations.

-> The second term, also known as roughness
penalty, measures the smoothness of the
smoothers.

Note: Methods which minimize the objective
function are called penalized LS methods.
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t<-sqrt ((0:74));

pois.fit <- gssanova((d/e)~t,family="poisson",weights=e);

est <- predict(pois.fit,data.frame(t=t),se=TRUE);
plot((0:74),1log(d/e) ,type="1",x1lab="Age", ylab="Log Mortality");
lines((0:74), (est$fit),col=2);

lines((0:74), (est$fit+1.96*est$se),col=3);

lines((0:74), (est$fit-1.96*est$se),col=4);


http://www.r-project.org/

Log Mortality

English and Welsh Mortality Data
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Figure 1 Raw Data (Black), Upper 95%, Lower 95% and Bayes Estimate.
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Taiwan Male 1998-2001 (Spline vs. P-Spline)
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= Linear Smoother:

- The goal is the smooth estimates M of a
regression function M (x)=E(Y | X =x).A well-
known example is the ordinary linear regression,
where the fitted values are

¥ =Hy, where H = X(X'X)™*X".

— A Linear Smoother Is the one which the smooth
estimate satisfies the following form:

y=3Y,
where S 1s an n x n matrix depending on X.



= Running Means:
-> The simplest case Is the running-mean smoother

which computes y; by averaging y;’s for which x;
falls in a neighborhood of x;.

—> One possible choice of the neighborhood N; is to
adapt the idea in Nearest-neighbor where N; Is the
one with points x; for which |i—J| <k. Such a
neighborhood contains k points to the left and k
points to the right. (Note: The two tails have
fewer points and could be less smooth.) s



= Example. Suppose that
Y, =sinX.+¢g, 0<X, <,

where the noise & 1s normally distributed with
mean 0 and variance 0.04. Also, the setting of X
IS 15 points on [0,0.3x], 10 points on [0.3w,0.77]
and 15 points on [0.77,mt].

—> Cubic splines with knots at {0,2r/3,4n/3,27}.

Note: There are also other smoothing methods
avallable, such as LOWESS (LOESS for an
updated version) and running median (i.e.,
nonlinear smoothers), but we won’t cover these
topics In this class.
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LOWESS (Locally-weighted Polynomial Regression)
or LOESS (Local Polynomial Regression Fitting)
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