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£z
1

4 ¢ 4 (Stochastic Life Table) -
s TERL T Ll = 45
- Lee-Carter Model
- Reduction Factor Model (2« GM Model)
- APC Model

:x ¢ %% Generalized Age-Period-Cohort
(GAPC) -4 (R package ' StMoMo | ) -



Lee-Carter -7

= Lee and Carter (1992)4% 15 Bl & B A X
7t ;“f‘ *E“JJ ‘Q\T’T .

In(mxt) = Uy +18th T &y



i Singular Value Decomposition (SVD)

Lee-Carterfic ] e B iz 3+ 34 i
Minimize th(llﬂ(mxt)—%—,Bxlft)2
> ¥ SVDiE Rfir o S AL fRAEE
(In(m,) -, ) =UPV'
- Renshaw £2 Haberman (2003)# 1! 4 & %
hid uﬁ' A-SVD te 4 fiedie b 18 5 e
D F AR



Singular VValue Decomposition

= In regression problem, we have
Y=XB+e=U'Y =U'"X[F+U'¢
or equivalently, @ =V'p &x’\/ D)

(e[S
fofore

Note: SVD is often used for regression diagnostics,
data reduction, and graphical clustering.



= T he Singular-Value Decomposition

—> Let X be an arbitrary nxp matrix with n>p.
Then there exists orthogonal matrices U: nxn

and V: pxp such that | xv = p = (Dj
(d, ) 0

where D = . withd, >d, >--->d  >0.




= Example of SVD:

—->You can check if the command “svd” In R
returns correct outputs.

A=matrix(c(1:12),ncol=3)
aa=svd(A)
t(aa$u)%*%A%*%aadv  # Diagonal!
aa$u%*%diag(c(aa$d))%*%t(aasv)
t(aa$u)%*%A  # Upper triangular!



:L SVD Interpretation of Lee-Carter Model

Applying the SVD, i.e., (In(m,)—¢,) =UPV,

the matrix U represents the time component,

P is the singular values, and V Is the age

component.

- K, Is derived from the first vector of the
time-component matrix and the first singular
value, and p, is from the first vector of the

age-component matrix. Other vectors
correspond to the residuals.



Lee-Carterti-2)| g ]

al=matrix(scan("'d:\\Taiwan(Female).txt"),ncol=18,byrow=T)
loga=log(al)
bl=svd(loga)
bl1=b1%d
b11[1]}/sum(bll)
s1=b1%ul,1]
x1=c(0,2.5,7,12,17,22,27,32,37,42,47,52,57,62,67,72,77,82)
par(mfrow=c(1,2))
plot(1982:2013,s1,type="1",xlab="Year",main="kt in Lee-Carter
Model™)
plot(x1,b1$v[,1],type="1",xlab="Age",main="Beta_x")
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SVD:7 2% (Approximation) f-fz

1% SVDig i Rz

1l o st ##Edin(m,)®d £ &L
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Lk e o7 A eh- PR p 2vae jF(First order
iautoregression with drift) snpF ¥ 5 2 $23] o
i F B
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Figure 5. Within-Sample Forecast of Mortality Index, k Model Fitted on
1933-1962; Forecast for 1963-1989.
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Age Specific Death Rate (log scale)
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Figure 4. Comparison of Actual, Fitted, and Forecast Mortality by Age,
for Sexes Combined, at Selected Dates. For 1933 and 1987, the last age
group is 85+. For 2030 and 2065, it is 85-89 and, therefore, less than
85+. Actual schedule are dots. Fitted and forecasts are solid.
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Fig. 2. Fitted (1955-1999) and forecasted (2000-2044) life expectancy at birth, Nordic countries, women.



Annual Increment

BEFLF

0.04

0.02

0.0

-0.02

Incidence
/ ]
= 'lllll
i," !-“ .lll."
. ," h"-. -"lll
o, / A /
s . /\x“ <
\ f.*””r -
III'|I J."'f
I A
/
——  Male(MAPE=2.45%)
"""" Female(MAPE=2.41%)
| | l | | | | | | | | | | | | |
0-14 25-29 40-44 55-59 70-74 85-89

age

Annual Reduction

-0.04 -0.02 0.0

-0.06

* elee-Carter i

Mortality

Male(MAPE=4,28%)
Female(MAPE=6.52%)

0-14

I
25-29

|
40-44

age

I
55-59

!

I
70-74

I
85-89



BN

90

go

g0l

7o

70

TAIWAN FET 86

fermale

Elock bootstrap median
Elock bootstrap 95% FP.L.
Elock bootstrap 68% F.L.
Lee-Carter median

Lee-Carter 95% P.1 f},f L
Lee-Carter 653% P.1L s

male

Elock bootstrap median
Elock bootstrap 95% P.1.
Elock bootstrap 63% P.1L
Lee_Carter median
Lee-Carter 95% F.L.
Lee-Carter 639% F.L.

1950 2000

vear

T
2040




o)~ 2R E TS g i AR
>Human Mortality Database ( p # ~ & &)

Reduction Factor (JP male 1951-2006)  Reguction Reduction Factor (JP female 1951-20060)  Reduction
14 14

2000
1.2 12

1993
1986 [0 10
& 1079 i o

-

1972 +0.6 0.6
1965 0.4 0.4
1058 - 0.2 0.2
1951 - 0.0 1951 0.0

P T T T TS
0 10 20 30 40 50 60 70 80 90
age




comp.1({score)

T

Japan (Female)

0
1

'&3&#
. 1PC>94%
o 2PC>99%

comp. 2(score)

1

0.0 0.5

-0.5

.0

-1

1.5

-2.0

A A 49 5 5 (1951~2006 £ )

Japan (Female)
6 ";lu A
Y
':'.rf ] "',Lu
¢ /s ® A,
i 1
/ ; & I‘f
/ *Ne
3,
b1
g o
& s
=




comp.li{scora)

PAY M= A 20 L0478 %(1951~2006-# )

O
1

Japan (Male)

1PC->94%
2PC—>99%

10 20 30 40
year

comp.2({score)

Japan (Male)

0.0
L

-0.5

year



Table C.3
Parameter estimates of the first and second PCs for Japanese men.

a; b; R-squared Adjusted
R-squared
First PC —7.733756 0.298617 0.988 0.9878
Second PC-1 —1.314420 0.107650 0.5296 0.5072
Second PC-2 2.632501 —0.069705 0.8494 0.8436
Table C4
Parameter estimates of the first and second PCs for Japanese women.
a; b; R-squared Adjusted
R-squared
First PC —7.739437 0.298702 0.9912 0.991
Second PC-1 —1.56803 0.12414 0.7988 0.7904

Second PC-2 4.654333 —0.122217 0.9444 0.9419
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Table C.7
Parameter estimates of the first and second PCs for Canadian men.

a; b; R-squared Adjusted
R-squared
First PC —7.50734 0.28771 0.937 0.9357
Second PC-1 —1.49487 0.09193 0.6454 0.6322
Second PC-2 7.64473 —0.18498 0.9089 0.9044
Table C.8
Parameter estimates of the first and second PCs for Canadian women.
a; b; R-squared Adjusted
R-squared
First PC —7.744508 0.298879 0.9852 0.9849
Second PC-1 —0.78546 0.17244 0.8132 0.7945
Second PC-2 2.42407 —0.12435 0.776 0.7611

Second PC-3 —3.976459 0.097241 0.84 0.832
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1A f(X) g+ 18
f(x)=GM_”(X) = Za X' +exp{§a X'}

I=r+1
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DT Ew ERNA- DR EGERErE s



= i ]+ (Reduction Factor ; RF)
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Figure 2. Avwverage rate of mortality improvement by vear of birth,

smoothed using five vear rolling averages, and gender over the period 1961-
2002 for the population of England and Wales
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Figure 9. Average annual improvement in central mortality rates from
lung cancer by vear of birth and five vear age group for males in England

and Wales
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Figure 1.  Five-Year Moving Average of the Improvement in Mortality at Ages 2-99 for Sweden in
1903, 1953, and 1998
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The mortality improvement model adopted by the CMI 15
RE(x,1) = a(x) + [1 —a(x)][1 — f(x)]"*,

+ where

c. x = 60,
l—cHx —110
wiv) = l-I-{ ) }‘ 60 =< x = 110,
50
1. x =110,
P. X = 60,
fooy = [A10-0p+ & —60)a] o 0
50
q. x = 110,

withe =0.13, p=0.55and g = 0.29.
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m (x=m)

(1) Gompertz : s(x)=exp{e °—e ° }

(x=m)

(2) Inverse Gompertz : sx)=(1-exp{-e ° })/(1- exp{—e‘f})

(3) Weibull :  s(x) = exp{—(a)g}
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