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Everett 4-point Formmula
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An Example of Cubic Splines
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Taiwan Male 1999 (Spline)
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Taiwan Male 1999 (MWA vs. Spline)
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Taiwan Male 1999 (Whittaker vs. Spline)

o~
"""" FRCEHEIE
— Whittakerf5/1& (h=100,000)
------- Whittaker#2/5J4& (h=1,000,000)
— SplinefzSEk=10.20,30)
‘E!' —
3
5
e
C.E? —
C(ID' —
I I I I I I
0 20 40

60
Age

&0




i R PR 3
s ) L2 ip 37 (Penalized Likelihood Estimation)
>Whittakerig 3 ;2 £ % #£ i 5 35 (PLE) et
EUNEREL SN I L STE
(0] data) + g 3(6)
H ¢ | (O]data) = $+Hcfrin S0P~ f 5L 0 J(0)

= = ek el B S dic(Quadratic Roughness
Penalty) -



i S FE 02 5 3 ()
n ) HI(0)- HE S | 2
J(O)=[6(x)*dx = J(0) =§(A 9(X2))
D>FREER Y, =0(X)+sg, ¢ ~ I\/I(O’O-i,J) ’
T‘ﬁ 9 b= AR & AT edF ) E
;LEffs W BT )P S ] L
Y. — 6’(x)

> (-

=1 CTI

) +— j6’(x) dx



Note: Two terms of the right-hand side of the
objective function usually represent
constraints opposite to each other.

—> The first term measures how far the
smoothers differ from the original
observations.

-> The second term, also known as roughness
penalty, measures the smoothness of the
smoothers.

Note: Methods which minimize the objective
function are called penalized LS methods.
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t<-sqrt((0:74));

pois.fit <- gssanova((d/e)~t,family="poisson",weights=e);
est <- predict(pois.fit,data.frame(t=t),se=TRUE);
plot((0:74),log(d/e) ,type="1",xlab="Age", ylab="Log Mortality");
lines((0:74), (est$fit) ,col=2):
lines((0:74), (est$fit+1.96*estPse),co0l=3);
lines((0:74), (est$fit-1.96*estPse) ,col=4) ;
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Log Mortality

English and Welsh Mortality Data
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Figure 1 Raw Data (Black), Upper 95%, Lower 95% and Bayes Estimate.
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Taiwan Male 1998-2001 (Spline vs. P-Spline)
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= Linear Smoother:
i - The goal is the smooth estimates M of a
regression function M(x) =E(Y | X =x). A
well-known example iIs the ordinary linear

regression, where the fitted values are
g =Hy, where H = X(X'X)™*X".

-> A Linear Smoother is the one which the
smooth estimate satisfies the following form:

y=3Y,
where S IS an n x n matrix depending on X.



= Running Means:

i —> The simplest case Is the running-mean
smoother which computes ¥; by averaging
yj’s for which x; falls in a neighborhood of x;.

—> One possible choice of the neighborhood N;
IS to adapt the idea in Nearest-neighbor where
N; Is the one with points x; for which |i—J| <k.
Such a neighborhood contains k points to the
left and k points to the right. (Note: The two
tails have fewer points and could be less
smooth.)




= Example. Suppose that
Y. =sin X, +¢g, 0<X <,

where the noise & 1s normally distributed with
mean 0 and variance 0.04. Also, the setting of X
IS 15 points on [0,0.3x], 10 points on [0.3w,0.77]
and 15 points on [0.77,mt].

—> Cubic splines with knots at {0,2r/3,4n/3,27}.

Note: There are also other smoothing methods
avallable, such as LOWESS (LOESS for an
updated version) and running median (i.e.,
nonlinear smoothers), but we won’t cover these
topics In this class.
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LOWESS (Locally-weighted Polynomial Regression)
or LOESS (Local Polynomial Regression Fitting)
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