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Permutation tests and Bootstrap
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—> Permutation Tests

—>Monte Carlo Tests (and p-values)
-> Bootstrap and Resampling Methods

—> Preliminary Exploration of Unknowns
—> Applications
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Monte Carlo vs. Bootstrap
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Table 3.1
The stocks picked by the analyst

Price at Price at Dividend

12/31/85 12/31/86 for 1986
PPG INDUSTRIES INC 51.000 72.875 1.880
HILTON HOTELS CORP 64.875 67.250 1.800
GENERAL ELECTRIC CO 74750 86.000 2.370
MCDERMOTT INTL INC 18.250 21.750 1.800
LOUISIANA LAND & EXPLORATION 30.250 27.250 1.000
DRESSER INDUSTRIES INC 18.125 19.375 0.700
MCDONALD’S CORP 80.875 60.875 0.645
WEST POINT-PEPPERELL 43.375 52125 2.385
SERVICE CORP INTERNATIONAL 31.250 24750 0.293
AMERADA HESS CORP 27.250 23.750 .0.000

Total 438.00 456.00 12 873
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MSE of Variance
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t 1=NULL
t2=NULL
for (1 1n 1:10000) {
x=rnorm( 100)
a=mean(x)
b=sqrt(var(x))
x1=x[x > a-b & X < a+b]
x1.9=x[x > a-1.5%b & x < a+l.5%D]
x2=x[X > a-2%b & x < a+2*b]
X2.5=x[Xx > a-2.5%b & x < a+2.5%b]
X3=x[Xx > a-3*b & x < a+3*b]
yl=c(mean(x),mean(x!l),mean(xl.5) ,mean(x2),mean(x2.5) ,mean(x3))
y2=c(var(x),var(xl),var(xl.5),var(x2),var(x2.5),var(x3))
tl=cbind(tl,yl)
t2=cbind(t2,y2)
}
matplot(xx,yy,type="1",1ty=c(1,2),col=c(1,2),xlab="# of st.d.",ylab="MSE of
mean’ )
legend(0.5,0.04,¢("Sample Size=25","Sample Size=100"), ty=c(1,2),col=c(1,2))
matplot(xx,yz,type="1",1ty=c(1,2),col=c(1,2),xlab="# of st.d.",ylab="MSE of
Variance")
legend(1.5,0.45,c("Sample Size=25","Sample S1ze=100"), [ty=c(1,2),col=c(1,2))




True value under the null hypothesis
and most likely observation

#

probability of observation

95% statistical
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Concept of Permutation Test
Structure Random Pattern

https://byuistats.github.io/Statistics-Notebook/PermutationTests.html




® Permutation test:
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> " Rig 4 ' permtest ; P3#
x1=c(33.0, 31.0, 34.5, 34.0)
y1=c(29.5, 32.0, 32.9, 31.5)
permtest(x1,y1)

N  tobs t-Dist:P(>t) PermDist:P(>t)
70.00000000 1.56172013 0.08468935 0.07142857

97%%' d £ ¥ Permutation test > frfgjﬁ 6Fd ¥
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£ %6.6) ° F > p-value = 6/70 = 0.086
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p-value=0.010
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The size of max. cluster

An example of testing the largest cluster (1,000 runs)
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Monte Carlo p-value & Test
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Note: The relationship between g* and R* 18

R =1-(1-RH( D,

n—p

Or, equivalently,

1R = (1- R,

n—p
Plugging into n = 25 and p = 2, we get
24

R = 1= (1-4.2%)x = =0.035% = 0.
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Critical values of the Mann-Whitney-Wilcoxon
test (a=.05, 10,000 runs, and numbers in red
are the true critical values.)

n=2 3 4 5 6 7 8 9 10

n=2| 3 3 3 3 3 3 4 4 4
3 6 6 6 7 8 8 9 9 10
10 10 11 12 13 14 14(15) 16(15) 16
15 16 17 18 19 21 22 23 24
21 23 24 25 27 28 30 31(32) 33
28 30 32 34 35 37 39 41 43
37 39 41 43 45 47 49(50) 52 54
46 48 51(50) 53 56 58 61 63 66
10 | 56 58(59) 61 64 67 70 73 76 79
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Bootstrap($< it = )
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#5 © - d Poisson/ fiedd ) eNE 4R A
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Freguency
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Monte Carlo (10,000 runs)

C.1=(8.394, 11.277) 5.e=0.735
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Monte Carlo % Bootstrap s 4% 42 ;1

# Monte Carlo
t1=NULL
for (11n 1:10000) { x1=rpo1s(30,10) ; yl=median(x1); tl=c(tl,yl) }
# Bootstrap
x0=rpo1s(30,10)
t2=NULL
for (11n 1:10000) { x2=sample(x0,30,T); y2=median(x2) ; t2=c(t2,y2) }
#
al=mean(tl)
bl=sqrt(var(tl))
b2=sqrt(var(t2))
par(mfrow=c(1,2))
hist(tl,xlab="Median" ,main="Monte Carlo (10,000 runs)")
text(8.2,3500,c("C.1.=(8.394, 11.277)"))
text(11.5,3500,c("s.e.=0.735"))
hist(t2,xlab="Median",main="Bootstrap (10,000 runs)")
text(8.7,3500,c("s.e.=1.006"))
text(12,3500,c("C.1.=(8.559, 11.441)"))
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Monte Carlo Bootstrap
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Bootstrap error
= Sampling error + bootstrap simulation error
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Law School Data Scatterplots:

Population and Sample
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school LSAT GPA |school LSAT GPA | school LSAT GPA | school LSAT GPA

1 622 3323 | 22 614 319 | 43 573 285 | 63 572 3.08
2 342 B3| 23 628 3.03 | 44 G644 338 | o4 G610 3.13
3 o789 3M | A 57 301 | (45) 545 276 | 65 ab2  3.01
(4) 633 312 | 25 662 339 | 46 G645 3327 | 66 635 3.30
g GoG6  3.00 | 26 627 341 | (47) 631 336 | 67 614 3.15
(6) aTG 339 | 27 GOs  3.04 | 48 a2 319 | 68 ads 282
7 620 310 | 218 632 329 | 49 G09 317 | 64 nis  3.20
3 615 340 | 29 87 316 | (B0) 5535 3.00 | (TO) 666 3.44
9 a3 297 | 30 a8l 317 | 5l neG 311 | 7 a7l 3.01
10 o7 201 | (31) 605 3.13 | (52) 580 307 | T2 7 2.92
11 a8 311 | 32 04 336 [ (63) H4 206 T3 G053 345
12 06 32 | 33 477 257
3
35

iy |
i

504 3.05 T sha 315

(13) 635 4.30 391 3.02 | 55 sl 2093 | 75 Gs6 3.50
14 58l 322 | (35) 578 303 | A6 641 3328 | 76 GO0s  3.16
(15) 661 343 | (36) 572 2B [ 57 512 301 | 77 583 3.19
16 347 2.01 7 615 337 | 58 631 3321 | 7& 500 3.15
17 599 323 | 38 Go6  3.20 | 59 a7 332 | (T9) 538 28]
18 646 347 | 39 603 3.23 | 60 621 324 | B0 611 3.16
19 622 315 | 40 535 208 | 61 617 3.03 | &l aid 302

20 611 333 | 41 395 311 | 62 G637 333 | (B2) 5T 274
21 MG 209 | 42 a7 2,02

Sampled schools have bold-faced school numbers.
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Bootstrap Delta

BEFHE 0015 0.01426
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Bootstrap C.l. of Male Mortality Rat
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Bootstrap C.l. of Female Mortality Rates
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Block Bootstrap in Lynx Data
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Time series plot when the interarrival time is bigger (3.27 v.s. 3.26)
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Name Description

Best of 3 Sets are played to six games. Winner is first to win two sets.
Tiebreak is played at 6-6 except in third set when an advantage
set is played.

Bestof 3TB  This format is the same at the Best of 3 except that
third set uses a tiebreak at 6-6.

Best of 5 Same as Best of 3 but the winner i1s the first to win three sets.

Bestof 5STB  This format is the same at the Best of 5 except that third set uses a
tiebreak at 6-6.

Doubles First two sets are played as a Best of 3 but there is no ad and
tiebreaks are played at 6-6. Third sets are decided by a a ten-point
tiebreak.

IPTL 3 Three sets with no ad and no lets. At 5-5, players play a first to
7-point tiebreak. http://www.iptlworld.com/format

IPTL 5 Same as IPTL but five sets.

Fast4 Singles  Best of 3 sets with sets played to four games. There is no ad and
no lets. At 3-3, players play a first to five-point tiebreak.

Fast4 Doubles Same format as Fast4 singles for first 2 sets. Third set is decided
by ten-point tiebreak.

Kovalchik, A.A. and Ingram, M. (2018), “Estimating the Duration of Professional Tennis Matches for Varying Formats”,
Journal of Quantitative Analysis in Sports, 14(1): 13-23.
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J.C. Yue, E.P. Chou, M.H. Hsieh, and L. Hsiao (2022), “A Study of Forecasting Tennis Matches via the Glicko Model”.
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