Section 4.1

2. By Proposition 4.4 and Theorem 4.6, f'(x)=3x" +2 forall xeR. Since f'(2)=14, the
desired equation is given by y =13+14(x-2).

4. a For x>0 with x#1,

f()=f)_Jrrl-v2 JirieV2__ ae=d 1

x-1 +1 Jerlez () (Jarieaz) Jrrle2

Now by continuity of the square root function, 1/ (J x+1+42 ) approaches 1/ (2«5 ) asx

approaches 1; we conclude that f'(1)=1 /(2\/5)-_
— } - x? +x+3)
b. For x¢1,f(x) f(1)=x +2x 3=M(

x-1 x-1

= x* + x+ 3. Because polyno-

mials are continuous, x* +x+3 approaches 5 as x approaches 1; we conclude that f (1) =3,

| |
f)-f) To Tz 2-(+%) _ O-A0+x) ~(x+))
c.Forx=1, = = = = .
x~1 =1 2(l+x)(x-1) 2(1+2°)(x~1] 2(1+x)
Since —(x+1)/ (2(1+x2 )) approaches ~1/2 as x approaches 1; we conclude that
£(1)=-1/2.

Our assumption that f:7 — R is differentiable at 4(x,) implies that
i Su)=f({h(x
lim, ) ( z—h((x () z = f'(h(x,}). Now if {x,} is any sequence in J\{x,} that con-
(]

verges to x,, then {A(x,)} converges to 4(x,) in /\{A(x,)} by our assumption that j is

continuous at x,. Therefore by definition of limit, {f(h(x" ) ) _ f(h(x,, )) converges to
h (x,, ) - h(xo )

S'(h(x,)); the desired conclusion follows.

b Fim LSO _f()

5 forall x#0 because f(0)=0. Next, our assumption implies
xX— X

that |f(x)| <

A" for all x; because n22, |x|" <|x* for all x with |x <1, so that | £ (x)| <[’

for such x. It follows from Exercise 9 of Section 3.7 that lim__, M =0, so that fis differ-
x

entiable at (. Finally, /is differentiable at all x= 0 by Proposition 4.4.



10. We show that g is differentiable at x=1 if and only if =6 and a =

=-3 . First, the quotient
—_ I - _
8(«‘2 lg( ) = a-;bxl 3 for x>1. This shows that lim__, ., Eﬂ_f(_l) does not exist if
- _ T

b=0:if b0, then EF)=8(1) _a+bx-3_b(x-(3-a)/b)

x-1 x-1 x-1
g{x)-g(})
x-1

for x>1, so that

hmx—#l,z)[

exists ifandouly if (3—a)/b=1,or a+b=3, and in this event

x)—g{1
lim, ., i%_‘lg_(_l =b. (These assertions can be verified from the definition of limit us-

- 2_3 3(x+l
ing x, =1+1/n) On the other hand, £} =8()_35-3_3(= )M=3(x+1) for

x=1 x—1 <1
, x)—g(l
x<1, so that lim__, ng() =6. It follows that if g is differentiable if and only if

b=6 and a+b=3, whichistosay b=6 and a=-3.

12. We fix x, € R. Our assumption that fis differentiable on R implies that
lim, |, M = f'(x, ), and so by definition of limit, if {x,} is any sequence in

X=X,

f(x,,)—f(xu)

R\{x,}, then { } converges to f'(x,). However, by our assumption that /i
X, =X .

monotone increasing, Mz 0 forall neN (regardless of whether x, > % of
Xn =X
X, < X, ); hence by Lemma 2.21 F(x)=z0.

14. Following the hint, for 7% 0 we have
S +h)=f(x =) _f(m+h)= L) + L)~ 1 (%0~ H)
h h
SRS (5) , SRS (5)
h —h

Since fis differentiable at x,, by Exercise 6 each of the last two quotients has a limit of
f'(x,) as h—0;we take h(x)=x, +x in the first quotient, and #(x)=x, —x in the sec-
ond. Thus the proposed limit exists and equals 2f"(x;).

)= f(0
16. By Exercise 6 with 4(x)=x* we have lim, I—(Tz)_—# = f'(0), that is

m:aﬂﬁi;@:f'(o)- Now for x#0 we have f(xz)—f(0)=f(x2)“f(o)-x,

X x2

so that lim__, M = limj,_,{,f(x_):f(gl-limx_m x=f'(x,)-0=0 by Theorem
x x

3.37.
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18. First, the definition of f gives f(0)=1+4-0+0? -h(0)=1. Next, for all xeR\{0},
f(x)nf(O) B ,(+4x+x2h(x)—,f B 4x+x2h(x)
x

x-0 x
there exists a number M with Ih(x)' <M forall xe R. This means that Ixh(x)l <My, or
Ml <xh(x)<M [xf, forall xeR; it follows that lim,_, xk(x)=0, by reasoning similar
to that used in Exercise 9 of Section 3.7. Therefore im,_,4+xA(x)=4+0=4, which
means that f'(0)=4.

=4+ xh(x). Now because / is bounded



