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Abstract 

 

Both the fertility rates and mortality rates have been experiencing dramatic 

decreases in recent years. As a result, the population aging has become one of 

the major concerns in Taiwan area, and the proportion of the elderly (age 65 and 

over) increases promptly from 2.6% in 1965 to 8.8% in 2001. The decrease of 

fertility rate is especially significant. For example, the total fertility rate was 

5.58 in 1961, and then decreases dramatically to 1.67 in 1981 (1.4 in 2001), a 

reduction of almost 70% within 20 years.  

The goal of this paper is to study the fertility pattern in Taiwan area. In 

particular, we are interested in exploring the fertility models and seeking for the 

most suitable model in Taiwan. The models considered are Gamma function, 

Gompertz function, Lee-Carter method and individual group estimation. We use 

the data from 1951 to 1995 as pilot data and 1996 to 2000 as test data to judge 

which model has the best fit. We found that individual group estimation and 

Lee-Carter method have the smallest errors for predicting total fertility rates, 

while individual group estimation and Gompertz function have the smallest 

errors for predicting age-specific fertility rates.  

 

 

Key Words: Fertility Projection; Gamma Function; Gompertz Function; 

Lee-Carter Method; Cross Validation.  
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Œš   � � � � � µ 	 
 � µ ¶ � � � Ï 1951-2000 

® w � Ð Ñ Ò ¾ � \ ] � Ð Ñ � Ž • 1965 � 2.6Ó D Ô • Ž • 2001 � 8.8Ó � \

] �  Õ 6.2 É Ö × Ð 1� $ …® Ä M À ? � Ø Ù � � Ú Û Ü Ý @2 3 ¬ « � Þ #

� � ß à á â � ã ä å æ� � � � Ä � � ç è A é ê Ã � ë ë ì í � � � î • ï
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 � � � � � � . L � � 1 � 4 0 1 � 6 Hoem (1981)2 J Gamma � w 
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+ , -  ! " # 
 � � 	 . /  � � � 0 
 � � 1 2 3 � � � 
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 � � ] Bell ^ 1988_ ` a ?

Gamma [ �  > ? b c 2 C D E F ; < : R K � ] d e f ^ 1993_ g h ? Gamma
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• � � � � ] f (x)� � � � � 
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 � �  È É I n
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� Ä } ^ 3_ �  a =	 ln(	 ln A)� b = 	 ln B + , L ô Y(x)
 » ¼ c �  x 
 º

c �  > ? @A � B 	 G H  \ 7 @A õ ¤  J í K � a� b* ã Ø  0 
 � � F

3 C D t à ð  Z ? @A 3 C D E F � B  \ 7 TFR 	 ; < � 9 Ë o U 0 
 � � 
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� �� �� �� �  Lee-Car ter � �� �� �� �  

Lee and Carter^ 1992_� Wilmoth^ 1996_ � � ¼ ? Lee-Carter ; < \ 7 � ú

Ù � û + 	 p q ü ý ? � 9 Ë Î Ï � *  ' þ � U  ! " # Î Ï � � 
 � � 	 ê

ë ó � � ± 	 � �   ø + , g m ? Lee-Carter ; < U � B  ! " # 	 
 � � *

l ; < ' Œ 

ln ( f x,t ) = ax + bx kt +� x,t                            ^ 4_  

f x,t � � t � C  x � � � � � 	 
 � � ] ax� bx� kt ' ; < K � ] � x,t ' � � ¡ ¢

£ *  

K � kt ° � ô ' U º O Q � � 	 ¦ ^ stochastic process_ ÷ ö C D E F 	 ;

< � 
 � kt È O � : R o U 	 kt* kt ; < ' Œ  

kt = kt-1 – Z + � t                                   ^ 5_  

Z � � O w x � ± 	 % �  � t � � � � ¡ ¢ £ * � Lee-Carter 	 . / �  ; < a

? § ¨ ¡ ¢ w G � U \ 7  g - � I  x,t(ln ( f x,t )ª axª bx kt)
2 	 § ¨ ¶ *  

� Q o � 	 K � ax� bx 3 kt � � ? SVD^ singular value decomposition ‚ ©

SVD_ G H « 1  ° ? Ì R � � (ï ç Y S-Plus)œ° I « * � ü ý „ � �  g - �

� � � ’ 	 
 � � � à � � a J ln ( f x,t )' � � � �  C  é æH ? SVD G H I

«  ø C ° ö Lee-Carter 
 ! 	 SVD � � �� � �� � �� � � ^ approximation_ U I « o � K � *

+ , > ? � " ž T „ # 	 G H : R Lee-Carter ; < 	 � Q K � Y  
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1. SVD � � � � � � � � 	 
  

(1)  ax ( ) ln ( f x,t )� � $ C D %1 w x *  

(2)  bx 3 kt ° � & �  [ln ( f x,t )-ax]� � « J í  l � kt ' �  [ln ( f x,t )-ax]

� « J í 	 ' y « (singular value)*  

2. SVD þ ( H � � � � � � � � 	 
  

(1)  ž Q � ) } Œ* kt 0 � ' 0� bx 0 � ' 1� œ� kt = 0� � bx � 1�  

(2)  ax ' ln ( f x,t )� � $ C D %	 w x �  

(3)  kt � %™þ � $ � � P 	 [ln ( f x,t )-ax]	 0 � �  

(4)  bx ° > ? @A � B H I « � [ln ( f x,t )-ax]ô ' » ¼ c � � kt ' º c � � �

� k ³ O � � P \ 7 O + � à , - £ 	 @A õ ¤  bx œ\ 7 ¯ kt 	 “ � *  

 

> ? SVD . � SVD � � �� � �� � �� � � I n K � ax� bx 3 kt ¯  ö Ä } ^ 5_ : R n 9

Ë � ’ 	 kt � Ã Ä } ^ 4_ œJ í 9 Ë 
 � �  =   0 Ê � � � 	 
 � �  œ

° J � 0 
 � � *  

1993 � Wilmoth k Lee-Carter 	 ; < / n 0 1 � Å n � : R K � C � �

weighted least squares(‚ © WLS)0 1 � ° � 2 s Î Ï � 	 c y � � / n 0 1 	 ;

< ç � �  

Min �
tx,

Wx,t(ln ( f x,t )� ax� bx kt)
2 

l � K � Wxt ' � � � � p q � � > ? ´ 3 � 	 4 5 I n 1 6 G ¦ } (normal 

equation)� œ° J í K � ax� bx � kt 	 : R Ä } � : R Ä } ç � �   
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� -
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t
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t
txtxtx

x W

kbfW
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,, ))(ln(
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=
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� � � � � � � � 	 
 � �  � � � � � � � � � � � � WLS � � � � �  � �  

 

� � � � � � � � 	 
 � �� � � � � � � � 	 
 � �� � � � � � � � 	 
 � �� � � � � � � � 	 
 � �  

 � �  ! " # � $ %& ' ( ) * � � �  + , - . / 0 1 2 3 4 5 � 6 7 �

8 9 Gamma : Gompertz � ; < " # = Lee-Carter � > � ? ; <@semi-parametricA

" # � B C D � E . / 0 1 2 3 4 5 � 6 7 F G H I J � 5 K � L  9 � M � �

 : ' ( ) N � ) O P � � �  Q R S T 	 � 8 9 32 U O P � � �  � 1957 (

V 1997 ( WX 22 U O P � � �  � B 1977 ( 32 U Y 
 X 22 U O P � �  Z

[ \ � 1997 ( : 1977 ( L ] � ^ _ ` � a R ' ( ) � �  6 7 � b � � c d '

( ) N e * f g G ! h H � i j k l � B m ' ( ) N * � 6 7 n F o H � p � �

q r s t G ( ) N ! u v w G ! " # � � � s x U ( ) N � y N t k � � � 15

z 49 U ( ) N { � y I 7 N � y | } ~ ` • � € • ‚ ƒ * 2 „ y | �  
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� � �

� � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

	 
 �
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� � � � � 	
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� � • � Š ‹ Œ• ‹ Ž • ( • ‘ e ’ 9 “ ” • …– ‡ ˆ —˜ ™� š� j › �

15 z 49 U � ) O P � s x U � G N � —˜ ™� œ• � n s ' ( ) N 9 * ( ) �

ž Ÿ @5 K � 17 U O P � � �  > � 15-19 U O P � � �  A� �   ¡ 1951 (

z 1995 ( � œ• � ž ¢ Gamma£ < = Gompertz £ < = Lee-Carter ~ s V t G (

) N ! u ¤ � ~ ¥ v w " # � ¦ s   ¡ 1996 ( z 2000 ( � œ• � § ¨ j › � 4

© � � ª . " # � � ¤ « ¬  �  

 

� �  � � � �  

1. Gamma � �� �� �� �  

 � � • � 45 ! ( ® � œ• (  ¡ 1951 ( z 1995 ( )� � Gamma " ¯ 9 � �

w ° ± ² @³ ´ d j < A µ � v w r 45 ¶ € • · � � � µ ¸ � ¹ º Ÿ 1 � v w

1951 ( » 1995 ( Gamma£ < � ; < ¤ � ¼ � ½ � Ÿ � < ¼ � ¾ ! u € • � R2

¿ � 97À s � � 1970 ( µ � R2 Á z / X 99%3� i 6  Â Ã W� Ÿ Ä Gamma

£ < � " # v w Å ÆW� Ç …† ‡ ˆ � ' ( ) u � �  : Gamma£ < i ° È

É � ½ � F Ê Ë r � � � � Ã � � € • y | m Ì � Gamma " # ƒ Í Î • ³ � "

¯ v w Ï Ð � Ñ � v w � R2 ` Â Ã / � � � Ò Ó Gamma " # Ô Ã Õ » Ö × Ø �

Ù Ú �  

 B m Û j Gamma " # 9 ; < ln Kt= Ü tÝ 1= Þ t � ß à � ! u s € • } ~ ¥

y | � á â ã » e ä å $ F æç € • %& � F Í � ä å L @residual plotA Ë » ä

å è é ÆW� i 6  � n ê ë ½ Durbin-Watson ì H á â í å è é G î ´ ï i

6 � � � ¦ v ç ƒ * 2 „ y | � ð ñ ä å � ACF : PACF� j ä å v w AR(1)�

K T ò  

ln(lnKt) � 0,K� � 1,K t� � t,K    � t,k � k� t-1,K� a t,K 

                                                 
3 �����

2R ���

���
	����������������������  
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 � -1 � 0, �

� � 1, �  t� � t, �

   � t, �

 �
�

� t-1, �

� a t,a 

   �  � 0,
� � � 1,

�

 t� � t,
�    � t,

�  � � � t-1,
� � a t,b 

a t,K� a t,a� a t,b� � � � (white noise)� � � � 	 
 � �  � N� 0, 2
is � � � � �

� � � � ba ,,Ki = � ln Kt � � � � � � � � ln (lnKt)� � � R2 � � � ln Kt  !

" # $ %� � ln Kt� & t' 1� ( t � ) $ * + , - * � . / 0 1 2 3 , ) � 2 4

5 6 7 8 + 9 6 7 8 !  

 

2. Gomper tz � �� �� �� �  

 Gompertz : ; � < = > ? � � @� A cumulative distribution function� B C

CDFD � E ; F G � < = > $ 6 7 8 H I 9 6 7 8 J K L � � M N : O � P Q "

# B R M N S T � / � U � a� b� V WX 2 � � � 1951 2 � 1995 2 Gompertz

@� � U � ) $ * � Y 2 Z � � M N [ \ ; � R2 ]  ^ 95_ I ` � 2R � a b *

P ^ 97.6%� c d e Gamma : O a b * 1.2%f g � X h I Gompertz : O � �

2 4 5 6 7 8 � i j k l P m n !  

 Gompertz : O � � 9 6 7 8 F � : O U � o p � m q Gamma : O � r # U

� s K t %/ � � Q , u 9 6 7 8 � , - v Gompertz : O � w � x y ! z { �

| � U � a� b } ~ • € G • ‚ � ƒ „ A …V WX 2D� † � : O E ‡ X � ˆ  

ln(TFR)‰( 0Š ( 1 tŠ ‹ t       ‹ t‰Œ1‹ t-1Š a t,T 

a ‰( 0,aŠ ( 1,a tŠ ‹ t,a    ‹ t,a‰Œa‹ t-1,aŠ a t,a 

b ‰( 0,bŠ ( 1,b tŠ ‹ t,b     ‹ t,b‰Œb‹ t-1,bŠ a t,b 

� � a t,T� a t,a� a t,b� � � � � o • � 	 
 � � • � Ž ‡ � � a b � � 0� • • • ‘

� � � � ! " # ` ’ “ ” • ; – %0 > $ 6 7 8 � . —˜ / � ™2 4 5 � 6 7 8 !  

 

3. Lee-Car ter � �� �� �� �  

 Lee-Carter : O � � U � ) $ š SVD › œ• ž v Ÿ   ¡ ¢ £ ¤ = � ¥ SVD

¦ § š ¨ © ª « � • ž ! Lee and CarterA 1992D¬  ® G ª ¯ ° ) $ U � � [ š �
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� � � � ± ² ³ Ž 	 § � ´ µ ¶ · ¸ v 6 7 8 � � ¹ P © º » ¼ E � � » ´ µ ½

I SVD + SVD ¦ § š / 0 U � ax� bx + kt� ¾ ¿ z I WilmothA 1993D À Á �

WLS Â Ã [ ; . p Ä ) $ U � � � » Å © 4 ° m • � ) $ [ š � � � � ÆÇ 1951

2 � 1995 2 � 2 4 5 6 7 8 Z � 0 � U � ) $ * Q U È V WX 3!  

 v SVD + SVD ¦ § š � ) $ [ š � � U � kt ] � ~ • � @� � É � = Ê ,

- kt � : O • Ë Ì m 	 • � Í kt � ~ • Î Ï : O kt = kt-1 – Z + � t � � Z © m •

� / i [ š ˆ SVD š � Z � Ð Ñ � ktA ÆÇ 1995 2 D Ò Ó p ” ktA ÆÇ 1951

2 D . H I ¯ Ô o • 	 Õ � 2 � Ö SVD ¦ § š ½ � � kt � ~ • t � M N @� � �

� kt + ~ • t � S T M kt=� +� t� J × Kolmogorov-Smirnov � � 3 Ø • � Ù kt

 � kt=� +� t � S T MA P-value=0.107>0.05D� X h SVD ¦ § š � � � Ú Û Ñ �

Ü ½ Ý / o Z Í � ` ’ � S T Þ � ( !  

 # • ; A 5D � Ù , - 2 3 � kt� —˜ • ; A 4D Í Q / 0 , - � 6 7 8 � ß

¥ $ %0 9 6 7 8 ! ´ µ † < = Lee-Carter : O / i � � � U � ) $ à Ï á V W

X 3� â ã ® G SVD + SVD ¦ § š Z � � � ± ² Õ ‘ m ä Ö å ¥ � m æ� I

SVD� SVD ¦ § š ç � Wilmoth À Á � Â Ã š / i U � ax� bx + kt� � $ % �

2 4 5 6 7 8 I è 9 6 7 8 � ) $ è , - ± ² � I é = WLS Â Ã � Û Õ � ê !  

 

4. � � � � � � 	 
 � �� � � � � � 	 
 � �� � � � � � 	 
 � �� � � � � � 	 
 � �  

 � × ë 2 4 5 6 7 8 � ¡ ¢ ® G 6 7 8 } ¿ ~ • € G ì Ò O ‡ � ¥ 7 ” 2 4

5 6 7 8 v ~ • Î Ï í A time-series plotD� ] î h ¡ ¢ m a ï 4A nonstationaryD�

� » ´ µ | � ™2 4 5 6 7 8 � 5 � � � � < = K L � Ï I ^ � a ï ð ¥ � � :

O ˆ  

lnA 5 f xD =( 0,xŠ ( 1,x tŠ ‹ x,t            x = 15,20,…,45 ñ  

t X h ~ • A 1951,1952,…,1995D� 5 f x X h ò ñ p ó � 2 4 5 6 7 8 � � ™2 4

5 � � S T : O o Ñ � . � 5 � � ô Õ A ‹ x,tD õ 0 ™ö � � � ARIMA : ; !

                                                 
4 

���������
	�������������������������������! #"%$�&!��'
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± ² º V WX 4 Z h � 7 ” 2 4 ó ™© � [ \ ; Q I – ) 2 4 5 6 7 8 � ÷ � ,

- ÆÇ 1996 2 ø 2000 2 � 6 7 8 ! # V WX 4 Q Ù Y ” 2 4 ó S T : O � � �

± ² ù m n � : O � 2R  ] v 85% I ` !  

 

� �  � � � �  

ú � I ` û ° [ š � – ) ± ² � ´ µ I a b ü � Û Õ A MAPED� ý b a [

Û Õ A RMSPED þ � � ) , - k l � x � ˆ  

1. MAPEA mean absolute percentage errorD̂  

�
=

´=
n

i i

i

Yn
MAPE

1

%100
1 e

 

� � Yi � Ó i ” � � * � P � � Ó i ” � � � 6 7 8 Ö iii YY ˆ-=e � iŶ � Yi

� , - * ! LewisA 1982D� MAPE ä ê † : ; , - k l � � I £ û ” � � ˆ  

 

MAPE <10% 10%~20% 20%~50% >50% 

, - k l   	 y 3  
 �  � �  m Ã y  

 

, - Û Õ  ê � X h : ;  � ! ´ µ † I » Ê � � ` ’ � : ; !  

 

2. RMSPEA root mean square percentage errorD̂  

%100)(
1 2

1

´= �
=

n

i i

i

Yn
RMSPE

e
 

� � Yi + ‹ i • MAPE � � • Ë ! RMSPE � � © a [ � � � Þ � � � � �

* A outlierD � � � É � � Q � � ` ’ o � � � � o !  

 

I £ � ´ � o � �  � ! " � # : ; � † 1996 2 � 2000 2 Z � � o 6 7 8

, - * + ! $ * $ % MAPE + RMSPE� � � %9 6 7 8 & + %2 4 5 6 7 8 &

� 5 ' � � , - Û Õ \ 3 !  

( ½ � 9 6 7 8 , - ± ² � ) æ ! # í û Q Ù � ! $ 9 6 7 8 + , - * ù
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€ G £ * � ƒ „ � É � ! $ * + , - 3 . ä � ¨ © p ° [ š Q v Y ” R p 2 / ù

© x y � , - * !   0 ¥ 1 (à 2 � 3 U È V WX 5)� û ° [ š � 4 Lewis Z •

Ë � , - k l � � ] ø 5 
 � � � � R p 2 4 ” 5 ) $ š + Lee-Carter : O ' �

¾ ¦ ÆÇ 1996 2 ø 2000 2 � 9 6 7 8 a b M� , - Û Õ � ê � , - ' � x y !

¥ � 1996 2 ø 2000 2 � 6 M 7 „ ¥ 1 � Gamma� Lee-Carter + R p 2 4 ” 5 )

$ “ 8 6 M � £ * - 3 9 « § � ¥ Gompertz , - * £ * - 3 Ð ä ! z { � : º

o � � , u � � 9 6 7 8 v Gompertz : O � Q ; ¾ ) $ � Z I � , - � Û Õ �

Gamma : O e ! í û � P Q < 0 � = > ? 6 @7 A � B � � � ˆ v ´ µ , - �

5 ” 2 3 � � ÆÇ 1998 2 9 6 7 8 C * � � � D 2 � E F � G 2 A H I 2 DÖ Æ

Ç 2000 2 � J 2 � ¤ � 9 6 7 8 ` K !  

  

�������

�������

�	�
���

�������

�
�����

������ ������� ������� �������
�

�����

���

��

�

�

�

� �

�

real TFR

Gamma

Gompertz

Lee-Carter(svd+wls)
���

5� � !#"

 
í û  1996-2000 2 ™[ š � , - TFR o ' �   

 

� Ä � 2 4 5 6 7 8 � , - ! # í ò (à 2 � 3 U � V WX 6)Q Ù � R p

2 4 ó ” 5 ) $ š L Gompertz : O � , - a b � � x y ˆ ” 5 š � a b , -

Û Õ � e (M v 45-49 ñ ª p ó © �  � Û Õ )� Gompertz � � � ï • ! R p 2
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4 ó ” 5 ) $ š v 45 ø 49 ñ © �  � , - Û Õ � Q k � � � »  2 4 ó 6 7

8 � * � ê � � � � � * � � � � ¤ � 	 � + , - 3 • ä ! ¥ v ´ µ È N � ™

: O � � Gamma� Gompertz� Lee-Carter : O Å • O N � � � ™2 4 ó � 6 7

8 • P © Q ° � Þ (ç Q C � � Þ : O � relational models)� « § U � : O � �

� Ö R I � � S T � (U )U � : O � È V � v Û Õ ä ê � Wx £ � Gompertz �

` ’ “ ° : O � � � � X Y ! z { � } ¿ , - ~ • � Z [ � ™° [ š � , - Û

Õ © \ 2 ` ] � ƒ „ A U È V WX 7D!  

 

0

10

20

30

40

50

60

15~19 20~24 25~29 30~34 35~39 40~44 45~49
�����

�
�

��
��

�
�

	

���	�
���

��������	�����

���������� �

!#"%$

 

í ò  1996-2000 2 m • 2 4 ó ™[ š � MAPE 

 

� � �   �   �   �   �  

S T ^ _ � 6 7 8 ö 1951 2 Ê � € G £ * � ƒ „ ! ´ µ ` ) û ° [ š ˆ

Gamma @� � Gompertz @� � Lee-Carter š è R p 2 4 ó ” 5 ) $ š ` ) 9 6

7 8 I è 6 7 2 4 � a � • ‚ � " ¿ � 6 7 8 � � � + , - � õ 0 � � – ) S T

^ _ 6 7 8 ƒ „ � : O! ´ µ J # ÆÇ 1951 ø 1995 2 � � � � ÆÇ 1996 ø 2000
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2 � , - b " � ® G º c , - 9 6 7 8 � À Á ¤ = R p 2 4 ó ” 5 ) $ š ç J #

WLS Â Ã � Lee-Carter : O ! , - 2 4 5 6 7 8 � À Á ¤ = R p 2 4 ó ” 5 )

$ š ç Gompertz : O !   0 ¥ 1 � û ° [ š � I R p 2 4 ó ” 5 ) $ š v , -

S T ^ _ 6 7 8 © Ð ê � Û Õ !  

# á Gamma� Gompertz : O � d á U � : O � � e f v á ) $ U � Í Q �

� : O � Z © � O N � g f � g h i N � R : O � � + ! $ j k Õ ‘ × ä � „ ›

� � D : ; � ! = N ! Gamma : O � Ð Ž = Ê – ) 6 7 8 � [ š � � � � � �

R2 * 9  � å ¥ l < R2 � m m � � › œ. È N : O � � (n º ˆ ô Õ � 	 
 � �

� Ž ‡ � � )+ � � � 3 (goodness-of-fit)! v â ã � ÆÇ 1951 ø 1995 2 6 7 8

� : O � � � � ® G Gompertz � � � Û Õ (MAPE è RMSPE)b ê á Gamma �

Û Õ � o Ñ � , - ± ² P + � � ± ² 	 • � X h Gompertz � Gamma : O � �

o ’ S T � 6 7 8 ƒ „ Ö . Z ` Gamma : ; Ú š ; ¾ p � 9 6 7 8 � ) $ * �

+ 9 6 7 8 � : O U � � Gompertz : O m • � â ã m – q Gamma : O = á S

T 6 7 8 : O !  

Lee-Carter : O v » d á ( Ä · ¸ � ¬  ® G Lee-Carter : O v , - 9 6 7

8 ~ r ² 9 � � É v 2 4 5 6 7 8 Ì m s � ¶ � + LeeA 2000Dt C Q = Lee-Carter

: O , - 6 7 8 � u - . © 0 v ! – - Lee-Carter + Gamma� Gompertz : O m

� = á S T 6 7 8 � Ü � � Q k w � á S T ^ _ � 6 7 8 • ‚ 9 ä � n º v í “

� � Q < 0 25 ø 29 ñ ª ó � 6 7 8 v ™2 3 ù Ð  � É � x ™ó � ä ê y Î }

~ • z • � ™2 4 � � Þ m • • ! � � I ` “ ° : O { � � U � è U U � : O �

� � � � » c È N R p 2 4 ó � ” 5 ) $ š | ¥ © � � � ± ² � å ¥ ª [ š Ì }

~ ™ó o • � 	 � N � • Ê � © z € � • • !  

‚ • V � # � � ƒ „ / � # š � Q k � z € [ š o p ! � # ± ² ® G S T ^

_ 45 2 � Y 2 7 ó 2 4 ó � ¡ ¢ � c r c 2 ” ƒ „ / Í © 96_ � i j k l � ƒ

„ / � # � Ó p ƒ „ / � � � A scoresD ³ Ž ¾ ¦ M N @� � + Lee-Carter : O

� kt « § � ¥ Ó …ƒ „ / � � � � � © ~ • Î Ï m a ï (non-stationary)� N † !
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< = ¯ ” ƒ „ / � ‡ ˆ (loading)+ ƒ „ � � � $ %2 4 5 6 7 8 + 9 6 7 8 � ®

G ƒ „ / � # v 9 6 7 8 � , - m ‰ï • � � , - � MAPE � ä A V WX 5DÖ

¥ 2 4 5 6 7 8 Š / � ¾ ¦ R p 2 4 ó ” 5 ) $ š � ‹ � v 45 ø 49 ñ ó © Œî

z € �   0 ¥ 1 P ' Lee-Carter : O � A í • D! � � ƒ „ � � # v  2 4 ó ©

� ê � , - Û Õ� • Ê Q � Ž ' * š (Yue et al., 2001)•   ” 5 ) $ š � �  2 4

6 7 8 !  
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� �
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��� ��!�"

 
í •  1996-2000 2 m • 2 4 ó � MAPE(ƒ „ / š )  

 

H • ` ’ � ® G { � I £ ý 4 ´ µ � ¬  ‘ � � ’ 0 S T ^ _ 6 7 8 : ; �

� � “ f À Á ! ½ � ¤ = M N S T Ê , - ¥ 1 � # á 9 6 7 8 + ™2 4 5 6 7 8

b € G M N £ * � É ! $ ` 6 7 8 m { Ú • ž � £ * (¥ ” 6 ‡ * � m � � G

• )� � » Q – • Ð ê £ • (lowest bound)� . I « § —˜ ™6 M (logistic curve)�

[ š ¤ , - * š › � Ð ê £ • ! z { � œŽ , - * P { I _ • � [ ; € G � ´ µ

) æ � , - * P Q é = « § • ž _ • A confidence intervalD � ` � £ • Ÿ ; �  

× ¡ ¢ š (bootstrap)� £ ¤ : ¥ ” 6 , - _ • !   

� ´ µ � ƒ c ¿ ¦ f � I § ¨ b " Ê ' � Ž = 6 7 8 : O � , - X G� ÷ •
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È N � x + 6 7 8 	 � � � ©� â ã $ ª v • Ê � ¬  � « v + 6 7 8 © � � •

� � I ’  6 7 8 : O � , - k l ! Q k È N � • � $ © ¬  6 7 ® Ä 5 + ™2

4 A N © ¯ 8 ! v 6 7 ® Ä 5 � � ° [ ± � Q " # Ó p ® � Ó …® � ² � � ™®

Ä ' n ¡ ³ � + ™2 4 5 6 7 8 � � � $ %0 ´ A 6 ” 2 4 è � ® Ä � µ � �

� ! z { � S T � ¶ @ü ä ‚ � � · 6 ¸ � � » ´ A � © ¯ 8 + 6 7 8 © ³ Ž ä

� � Þ � ¦ 2 Ê S T ^ _ ´ A © ¯ 8 \ 2 £ * � + 6 7 8 � £ * © 	 • � ƒ „ !

H • È N + 6 7 8 	 � � � © � â ã P È N « v ^ _ � µ ‚ � O N � n º v ` p

� ¹ ’ � G � J 2 r w � � = º ± · 6 7 » � � � ¼ ä � ÆÇ 1976 2 � J 2 r

w ³ Ž Œî � í …� v 20 ø 34 ñ ™2 4 ó • � 7 4 ´ A 6 7 8 ù © Œî ` K �

½ ¾ Ö � v ÆÇ 1998 2 # á G 2 H I 2 � ¿ À � 6 7 8 P � » £ * 9 ‚ ! � »

v , - ~ P w È N ª p « � Á Â � © � I � � A interventionD • � � E ; Ã v :

O !  

» { � G » � 9 6 7 8 • Ë � ú � m • Ä —A generation ç cohortD� ´ A �

À Á P Q È N • p Ä —� 9 6 7 8 � ' º Å 2 50 ñ � ´ A � ÆÇ 6 7 � G v �

Å 6 • “ ” È ¸ � n º ˆ É

�
-

-= +

+

+
+

=
x

xz zx

zx

ztF
ztB

txTFR
h

z )(
)(

),(*  

(x X h 2 4 )� I » Ê ) $ 9 6 7 8 � Ê Q < 0 6 7 8 } ~ • � • ‚ !  

 

6 7 8 � • Ê • ‚ � � á S T º Ë � Ì Í � Î Ï l � Ð Ñ Ò � ± Ó † { ” 6

Ô Õ � º Ö × Ø 	 y � º Ë • Ù ƒ „ � Ú Û 	 � Ü Ý ~ � Þ c ß þ � À Ð à v ž

• = Ì • Ê Ð á � J â � ã { � µ ‚ ® F Ð Ñ ~ � 6 7 8 � • ‚ ä � Þ c � U È

� © ! � » ´ µ ¬  ' � k —X S T ^ _ 6 7 8 � : O � I / x y ^ , ) S T ^

_ 6 7 8 � ƒ „ � ¤ Ð à Q I å ! ã { æ< � ! Ý � n º ˆ ç è ¡ é � ê 0 � =

Á 2 ë � ê 0 � 7 @Ð Ñ � Ú Û � � ! * � ì í � � # á ´ µ � ™, - [ š b î

h • Ê � 9 6 7 8 † î ï £ * � � » º Ö ¤ 6 7 8 ˜ K � ð L ñ x � † � • Ê ž

ò º Ë Ð Ñ ~ › œ± � � ó ô o p !  
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�   �   �   �  

� � � �� � � �� � � �� � � �  

õ Ð Š A 1951ö 2000D � ÷ Á = S ø ^ _ º Ë ? $ � õ Ð Š ù ú !  

û ü ý A 1993DS T ^ _ • Ê º Ë ó „ o – $ � S þ � ˆ » Ð � = � { � ¡ � ‘ !  

» Ð � J À { A 1996D � ÷ Á = S T ^ _ Á = 84 2 ø Á = 125 2 º Ë – $ � »

Ð � J À { !  

� µ � A 1996D  S T ^ _  4 ‚ � , ) + � � ç è � � o ¬  � Ð á ä � � �  

	 � Z !  


 Ã � A 1999D � T ^ _  4 º Ë  � 8 o , - � Ð á ä � ? $ Z !  

� � � A 1990D 6 7 � • + 6 7 K O ˆ S T ^ _ 9 6 7 8 o � # � � � ä � ã  

{ Z !  

� � � A 1989D  º Ë � + Ì Í $ ª � • � ä � = � !  
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�  �  

X 1  1951 2 � 1995 2 Gamma@� � U � ) $  

2 u  & -1     (  R2 2 u  & -1     (  R2 
1951 15.33 0.539 0.973 1974 21.94 0.850 0.990 
1952 16.83 0.588 0.977 1975 22.36 0.880 0.991 
1953 17.57 0.612 0.978 1976 23.52 0.927 0.992 
1954 17.64 0.616 0.979 1977 23.75 0.945 0.992 
1955 17.70 0.621 0.979 1978 24.15 0.963 0.993 
1956 17.92 0.629 0.977 1979 24.73 0.989 0.994 
1957 19.08 0.673 0.974 1980 23.86 0.957 0.993 
1958 20.01 0.708 0.972 1981 24.66 0.989 0.993 
1959 19.52 0.694 0.973 1982 25.49 1.021 0.994 
1960 19.40 0.696 0.975 1983 26.28 1.049 0.996 
1961 20.27 0.730 0.976 1984 27.53 1.094 0.997 
1962 20.29 0.734 0.977 1985 28.30 1.120 0.998 
1963 20.67 0.745 0.982 1986 27.78 1.096 0.997 
1964 21.33 0.772 0.981 1987 29.92 1.176 0.999 
1965 21.70 0.794 0.982 1988 30.66 1.201 0.999 
1966 21.18 0.783 0.983 1989 30.66 1.198 0.999 
1967 21.21 0.795 0.986 1990 31.00 1.209 0.999 
1968 21.20 0.797 0.987 1991 31.46 1.225 0.997 
1969 20.78 0.784 0.988 1992 31.83 1.237 0.996 
1970 21.40 0.812 0.991 1993 31.87 1.237 0.995 
1971 21.63 0.822 0.991 1994 32.54 1.261 0.993 
1972 21.88 0.839 0.991 1995 32.10 1.240 0.994 
1973 22.46 0.865 0.990     

 

X 2  1951 2 � 1995 2 Gompertz @� � U � ) $   

2 u  a     b R2 2 u  a     b R2 
1951 -4.415 0.183 0.971 1974 -5.923 0.272 0.990 
1952 -4.589 0.189 0.973 1975 -6.131 0.285 0.986 
1953 -4.672 0.192 0.973 1976 -6.385 0.297 0.985 
1954 -4.695 0.194 0.973 1977 -6.511 0.305 0.982 
1955 -4.726 0.196 0.972 1978 -6.633 0.311 0.986 
1956 -4.781 0.198 0.968 1979 -6.795 0.320 0.986 
1957 -4.964 0.206 0.965 1980 -6.656 0.314 0.991 
1958 -5.120 0.213 0.960 1981 -6.841 0.322 0.991 
1959 -5.060 0.212 0.963 1982 -6.992 0.329 0.988 
1960 -5.077 0.214 0.963 1983 -7.121 0.334 0.987 
1961 -5.219 0.221 0.963 1984 -7.340 0.343 0.985 
1962 -5.233 0.223 0.965 1985 -7.454 0.346 0.984 
1963 -5.254 0.224 0.971 1986 -7.304 0.338 0.982 
1964 -5.346 0.230 0.974 1987 -7.723 0.356 0.979 
1965 -5.445 0.237 0.978 1988 -7.850 0.360 0.979 
1966 -5.424 0.239 0.980 1989 -7.811 0.356 0.971 
1967 -5.521 0.246 0.982 1990 -7.883 0.359 0.972 
1968 -5.547 0.248 0.985 1991 -7.957 0.360 0.964 
1969 -5.502 0.247 0.988 1992 -8.021 0.362 0.961 
1970 -5.660 0.255 0.987 1993 -8.019 0.361 0.959 
1971 -5.715 0.258 0.990 1994 -8.130 0.365 0.954 
1972 -5.837 0.266 0.991 1995 -8.013 0.359 0.956 
1973 -5.973 0.273 0.989     
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X 3  Lee-Carter : O � U � ax� bx 

 SVD SVD ¦ § š  WLS+SVD WLS+SVD ¦ § š  
2 4 ó  ax    bx ax     bx ax    bx ax      bx 
15-19 ñ  3.461  0.095 3.461  0.060 3.453 0.132 3.476 0.062 
20-24 ñ  5.222  0.103 5.222  0.057 5.213 0.128 5.229 0.060 

25-29 ñ  5.469  0.110 5.469  0.052 5.466 0.116 5.467 0.054 

30-34 ñ  4.811  0.226 4.811  0.097 4.853 0.198 4.831 0.091 

35-39 ñ  3.826  0.374 3.826  0.172 3.872 0.350 3.864 0.160 

40-44 ñ  2.562  0.508 2.562  0.246 2.557 0.525 2.571 0.242 

45-49 ñ  0.468  0.645 0.468  0.318 0.434 0.692 0.464 0.319 

 

 

X 4  ” 5 ) $ š U � � � o S T M è ~ • Î Ï : O  

2 4 ó  S T M  R2 ~ • Î Ï : O  

15-19 ñ  5.2823-0.0294t 87.5% (1-B)(1-0.5088B)‹ t‰at            ARIMA(1,1,0) 

20-24 ñ  6.9467-0.0278t 86.3% (1-0.9752B)‹ t‰at or‹ t=Œ‹ t-1+ at        AR(1) 

25-29 ñ  6.9844-0.0244t 92.5% (1-B)(1-(-0.3952)B)‹ t‰at         ARIMA(1,1,0) 

30-34 ñ  7.575-0.04458t 87.8% (1-B)(1-0.52B2)‹ t‰at                  ARI((1)2,1) 

35-39 ñ  8.7759-0.0798t 90.3% (1-B)(1-B2) (1-(-0.6)B)‹ t‰at      ARIMA(1,2,0) 

40-44 ñ  9.7574-0.1161t 95.5% (1-B)(1-0.99B)‹ t‰(1-0.715B)at  ARIMA(1,1,1) 

45-49 ñ  9.8884-0.1519t 98.3% (1-0.9375B)‹ t‰at                   AR(1) 

! ˆ B � " # Ç (Back shift operator)� at � � � �   

 

 

X 5  ™: O 9 6 7 8 � Û Õ ± ² ' �  

 

 Gamma Gompertz Lee-Carter ” 5 ) $ š  ƒ „ / � #  

MAPE 11.03 9.54 5.71 5.85 18.31 

RMSPE 13.51 11.44 7.38 8.09 19.23 
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X 6  ™: O v ™2 4 ó � Û Õ ' � A ò ” 2 3 Z 9 D  

: ;  x �  15-19 20-24 25-29 30-34 35-39 40-44 45-49 
MAPE 17.38 37.48 16.596 9.17 19.19 18.88 33.15 Gamma 

RMSPE 18.09 36.66 19.17 9.93 19.60 19.46 36.26 

MAPE 14.22 8.65 9.30 11.11 11.62 12.31 13.40 Gompertz 
RMSPE 16.78 11.41 10.70 12.58 13.47 14.39 15.36 

MAPE 25.61 45.99 8.78 33.85 49.84 48.37 37.18 Lee-Carter 

(SVD+WLS) RMSPE 27.01 47.3 12.39 34.35 50.19 49.19 38.79 

MAPE 8.47 9.95 6.32 7.63 10.78 4.12 47.35 ” 5 ) $  
RMSPE 10.39 12.89 9.04 8.82 13.68 4.86 49.13 

! ˆ $ %3 � D 2 4 ó � Û Õ Ð ê Ô  

   

 

X 7  ™: O v m • 2 3 £ � Û Õ ± ² ' � A Z © 2 4 Z 9 D  

Gamma Gompertz Lee-Carter(SVD+WLS) ” 5 ) $   
MAPE RMSPE MAPE RMSPE MAPE RMSPE MAPE RMSPE 

1996 16.51 17.87 7.31 8.58 27.10 29.95 6.27 13.03 

1997 20.07 22.24 15.77 17.23 30.08 33.49 8.15 14.03 

1998 26.06 31.14 3.65 3.94 38.34 40.33 17.67 21.19 

1999 23.73 28.37 10.18 10.88 40.92 43.33 18.26 24.34 

2000 22.09 23.03 20.68 20.76 41.85 46.39 17.22 27.86 

! ˆ $ %3 � 1 2 3 Û Õ Ð ê Ô  

 

 


