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Abstract
Mortality projection for the elderly plays a critical role in designing welfare policies for
them. Most prevailing projection methods perform well when there is sufficient mortality
information. However, the projection power of these methods is uncertain when the mortality
profile is incomplete. In this paper, we propose a ratio method, which includes techniques
used in regression and time series analyses that utilize the relationship between the old-age
group and their younger counterpart to compensate for the lack of mortality information on
the former. A simulation demonstrates how this method reduces projection errors. In addition,
we compare this new method to three prevailing projection methods (Lee-Carter, SOA, and
Pollard). Based on the mortality data on the elderly in Taiwan between 1950 and 1997 and
using the data between 1950 and 1992 as pilot data and that between 1993 and 1997 as test
data, we evaluate the prediction power of these methods and find that the ratio method is the
best for predicting female mortality rates in terms of the absolute and squared errors.
Key Words: projection, old age mortality, incomplete data, simulation, ratio method

 

   !"#$% &' *

( ),+ - . /10324 
5 76 8*9 : ;=<3>,?@@A BCD,EF GH I=JLK M 
N  5O 
*

**

***

P QRSTVUXWVYZV[
Assistant
\^]XRSProfessor,
_`W^aVbDepartment
ZV[ of Economics, National Taiwan University
Master
PQRofSTVDepartment
UVcXd^eVfof g Statistics, National Chengchi University

Associate Professor, Department of Statistics, National Chengchi University

Jack C. Yue , Yu-Whuei Hu & Cheng-Peng Chang

 6 8  9:*; <@A B@F*G     0 )   
 <    "!#'(%$'&)(@ *B+*<-,.)/* @  - 010 
3
B 2345 6378 9 ;:); <378 A B=< #4N 5 O>=@? > 68A 
B3C+D  E F '3G H  5 O  I:  &)(@)KJ JL 3M ,N3O 7 P Q
R &K(B SUT VW@3X Y 0Z)[ <  ,\U]_^a`cbedX fg^h`i`ejX* N 5 
8 lU mn o i< p&K(B E q3rsUtu l >3v AB =@wLxyx{z}|'~axh
k 76 
A X Y lUU ; <&)(*B,
i ~a'D  2&)A=<   n39 @3
  

¡ ¢¤£ ¥ ¦ § ¨3©ª «U¬g

®U¯°²±³3´¶µ¸· ¹º¼»"½>µ1¾¿ À Á3Â¶µÄÃ Å¶µÇÆ)ÈÉ

I. INTRODUCTION
A major concern of policymakers in Taiwan, as in many other developing countries is
the population aging of the society. From 1951 to 19971, life expectancy in Taiwan rose from
53.4 to 72.0 years for made and from 56.3 to 77.9 years for female (see Table 1 for details).
On one hand, prospects of longer life are viewed as a positive change for individuals and as a
substantial social achievement. On the other hand, those prospects have led to concern over
their implications for public spending on old-age support. Recently, Taiwan is in process of
pension reform and starting to implement several social welfare programs regarding the
elderly. Therefore, making reliable mortality projections for the elderly population is a top
priority.
Based on varies assumptions on the population, there are many methods to forecast
mortality (Tuljapurkar and Boe, 1998). Among them, the SOA (Society of Actuaries) method,
Lee-Carter method and Heligman-Pollard method are the most sophisticated and widely used
forecasting methods. However, applying these methods to project the mortality for the elderly
in Taiwan is not always successful.
One major problem is due to the incomplete data of the elderly mortality, a common
problem existing in most developing countries. “Incomplete data” are mainly attributed to the
lack of observations in advanced age groups (i.e., aged 85 and over). Most of the time, those
scattered observations in the advanced age groups are categorized as one big age group (i.e.,

1

Note that there were also a number of substantial reductions in Taiwan mortality rates in years before 1950.
However, for the sake of the data homogeneity, we only consider the mortality rates between 1950 and 1997.
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85+) such that the age-specific mortality projection for these groups is rather difficult. Note
that there are detailed records for ages higher than 85 in recent years, for example, in 1999,
the group 85+ is divided into 85-89, 90-94, 95-99, and 100+. However, the numbers of
observations in these advanced age groups (85+) are much smaller than other elderly groups,
which may reduce the precision of overall estimation. Thus, in this study, we only consider
the mortality data for ages between 60 and 84 to evaluate different projection methods.

Table 1 The Life Expectancy at Birth of People in Taiwan in Selected Year
Year
1951
1956
1961
1966
1971
1976
1981
1986

Male
53.38
60.40
62.30
65.18
67.19
68.70
69.74
70.97

Female
56.33
63.25
66.76
69.74
72.08
73.59
74.64
75.88

Year
1991
1992
1993
1994
1995
1996
1997

Male
71.83
71.79
71.62
71.83
71.73
71.94
71.99

Female
77.15
77.22
77.59
77.82
77.79
77.77
77.85

Source: Abridged Life Tables of Taiwan-Fukien Area, Department of Statistics, Ministry of
Interior, R.O.C.

In this paper, we propose a new method that can accommodate the incomplete data
more effectively to forecast the mortality rates. Our method is distinct from other methods by
accounting for the correlations between a chosen age group (ages 60-64 as the base group)
and age groups of the elderly. Since these correlations are very high (For example, the
correlation coefficient between the mortality rates of ages 60-64 and 65-69 is slightly over
0.95 in Taiwan), we can use the mortality information contained in the base group to improve
the mortality prediction of the elderly. This method has its advantage, in particular, over other
forecasting methods when the number of observations in the age groups of interest is very
small and that of the base group is relatively large.
In the rest of this paper, we first describe the mortality data of Taiwan and their
characteristics. Next, we present the idea of our method and introduce three well-known
projection methods. Then we apply these methods to fit the mortality rates of the elderly in
Taiwan and evaluate their performance. In the last section we discuss the implications and
limitations of our method, and propose some possible extensions for future study.
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II. DATA
The data used in this study are from Taiwan-Fukien Demographic Fact Book Republic
of China between 1950 and 1997, published by Department of Statistics, Ministry of Interior,
R.O.C. Since we are interested in the mortality profiles of the elderly, only the data of ages
60-64 and higher quinquennial age groups (such as 65-69) are used. The characteristics of
this data set can be shown visually and for example, Figure 1 shows the mortality rates of
male elderly during 1950 to 1997. Before the year 1958, the highest recorded age group of
mortality rates is ages 70 and over (i.e., 70+); the highest recorded age group is 80+ between
1959 and 1970; the highest recorded age group is 85+ after 1970. In other words, for the male
and the female each, there are 48 observations available for the groups 60-64 and 65-69
between 1950-1997. However, only 39 observations are available for the groups 70-74 and
75-79, and 23 observations for the group 80-84. This incomplete structure of mortality data
(or, incomplete data, for short) is due to the size of those age groups being very small in the
early days.

Figure 1 Mortality Rates of the Elderly Male in Taiwan

Unfortunately, this incomplete data structure will weaken the projection power of
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certain existing projection methods (e.g., Lee-Carter method). To account for these problems,
we propose a new projection method in next section. In addition, we briefly introduce three
existing methods and discuss the similarities and differences among them.

III. FOUR METHODS
In the beginning of this section, we describe the process of applying the ratio method
and illustrate its underlining idea of accounting for the incomplete data problem.

1. The Ratio Method
In the ratio method, the mortality rates of ages 60-64 are used as the base to predict
those of the elderly (i.e., ages 65-69, 70-74, 75-79, 80-84). The process of applying the ratio
method is as follows: First, we construct a model for the mortality rates of the group 60-64.
(The projection of the mortality rates of ages 60-64 is similar to that in the SOA method,
which will be discussed later.) Then compute the ratio of mortality rates

q x (t ) ,
5 q60 (t )

Rx (t ) =

(1)

5

for ages x=65,70,75,80. Since the ratios Rx(t)’s are not constants over time, we apply time
series models to estimate. The prediction of future mortality rates of ages 65-69, 70-74, 75-79,
and 80-84 can be obtained according to the following formula,

()

5

qˆ x (t ) = Rˆ x (t ) × 5 qˆ 60 (t ) ,

where Rˆ x (t ) and 5 qˆ 60 t are the predicted values of the ratios and the mortality rates of
group 60-64 at time t, respectively. The idea of the ratio method is similar to Control Variate
(a method related to Variance Reduction in simulation). For details of the variance reduction
techniques, see Chapter 5 in Ripley, 1987. We use the following example to demonstrate how
and why the ratio method works. Let (X,Y ) denote the mortality rates of age group x0 and y0
(i.e., x0 is the group 60-64 and y0 is the group 65-69, or higher ages), respectively, at a certain
point of time t. We assume the (X,Y) are random variables from a bivariate normal
distribution, i.e.,
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Assume that (xi, yi), i = 1,..., n , and xj, j = n + 1,..., n + m , are available. Because there are
more observations for x’s and positive correlation exists between X and Y, it is natural to use
x’s to improve the accuracy in estimating
estimate µ̂Y (1) = ∑

n

For example, we can revise the original

y n by using

i =1 i

µ̂Y (2 ) = xn + m ×

where

µY .

xn + m = ∑i =1 xi (n + m)
n+m

be treated as the ratio Rx(t). Let (
simulations, the estimates of



1 n yi ,
∑
n i =1 xi

can be treated as the estimate of 5q60(t) and yi/xi can

      

(2, 3, 0.95, 0.2, 0.3). Based on 10,000

are as following: (Numbers inside the parentheses are

standard deviations.)
Table 2 Examples of Variance Reduction in Applying The Ratio Method
µˆ Y (1)

µˆ Y (2 )

n = 34

3.000408

3.002138

m=9

(.0026533)

(.0021510)

n = 23

3.000246

3.000802

m = 20

(.0038690)

(.0023129)

Note that n + m = 43 can be treated as the number of observations available for the
group 60-64 between 1950-1992 and n is the number of observations available in the elderly
groups, where n = 34 corresponds to ages 70-74 and 75-79, and n = 21 corresponds to
ages 80-84. We can see that µˆ Y (2 ) has smaller standard deviations and larger m would give

smaller standard deviation.
More simulations are conducted to further investigate the effect of variance reduction in
using µˆY (2) . The numbers in Table 3 are the simulation result based on 100 simulation runs,
and each run is based on 1,000 replications. The number in each cell is the number of times
that µˆ Y (2 ) has smaller variance than µˆ Y (1) in 100 simulation runs. Adapting the idea of
testing hypothesis, numbers larger than 60 (or smaller than 40) indicate that µˆ Y (2) has
smaller (or larger) variance, with significance level α = 0.05 . When the correlation between
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X and Y is stronger, µˆY (2) performs better. Also, the smaller σ X is, the smaller variance
µˆ Y (2 ) has. In our case, we would expect that the ratio method has better performance in
younger elderly groups, since the correlations between these groups and ages 60-64 are
stronger than that of older elderly and ages 60-64.

Table 3 Number of Times µˆ Y (2) Has Smaller Variance over 100 Simulations
(Each simulation is calculated based on 1,000 replications.)

(σ X ,σ Y ) =

(0.2,0.2)

(0.2,0.4)

(0.4,0.2)

(n, m ) =

(20,10)

(20,5)

(20,10)

(20,5)

(20,10)

(20,5)

ρ = 0.95

100

100

100

100

0

0

0.9

100

99

100

100

0

0

0.8

72

70

100

100

0

0

0.7

7

16

100

100

0

0

0.6

0

1

100

98

0

0

0.5

0

0

93

81

0

0

Tuljapurkar and Boe (1998) and Pollard (1987) made a critical assessment of
knowledge about mortality change and reviewed methods of mortality projections. Among all
methods, the following three methods are used most often without directly accounting for the
pattern of deaths by different causes: the method used by the SOA, Lee-Carter’s method (Lee
and Carter, 1992), and Heligman-Pollard’s (Heligman and Pollard, 1980) method. We will
introduce these methods in this order.

2. The SOA Method
The SOA method can be categorized to projection by extrapolation, which is the
simplest and most widely used method, and is of the form
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q x (t + k ) = (g x ) n q x (t )
k

n

,

(2)

where npx(t)=1-nqx(t) is the probability of survival from age x to age x + n at time t and gx
(usually 0 < gx < 1) is the rate of change in that probability (which takes account of
improvements in mortality at age x over time). The SOA used this method for individual
annuity valuation and the Institute of Actuaries (London) also used a similar method for
building annuitant tables.
To determine the value of gx , we usually take the natural logarithm of (2) and apply
regression analysis:
ln n qx (t + k ) = ln n qx (t ) + k ln( g x ) ,

(3)

by assuming g x = exp (β1 ( x )) ,

ln n qx (t + k ) − ln n qx (t ) = α1 ( x ) + β1 ( x ) k ,

where α1 ( x ) and β1 ( x ) are constants with respect to time t.
Note that for different ages x and y, from (2) and (3),
q x (t + k )
ln
− ln
q
n y (t + k )
















.



n



q x (t )
g
= α1 ( x ) − α1 ( y ) + k ln x
q
(
t
)
g
n y
y




n











(4)



This implies that the logarithm of the mortality ratio for different age groups also has a
linear relationship, which is different from the ratio method. If ln(gx/gy)>0 then the age
group [x, x + n] has a better mortality improvement than the age group [y, y + n) over time,
and vice versa.

3. The Lee-Carter Method
Lee and Carter (1992) proposed a remarkably simple model for U.S. morality
projections. They assume that
ln mxt = α 2 ( x ) + β 2 ( x ) kt ,

(5)

where mxt is the central death rate for age x at time t. Here kt can be viewed as a stochastic
process and is fitted accurately by the following time series model:

kt = kt −1 − z + ε t ,

(6)

where z is a constant average rate of decline and εt is a random term whose statistical
properties are estimated from the data.
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To solve for the parameters

 ’s,   ’s, and kt , usually Singular Value Decomposition

(SVD) is used. However, when lnmxt’s do not form a complete matrix (for example, the
mortality records of the older elderly are missing or not complete) and SVD cannot be
applied, Lee and Carter suggested a method of approximation.
In forecasting U.S. death rates, Lee and Carter found that kt is close to a linear function
of time t and declines at an average rate of 0.365 per year from 1900 to 1989. Lee and Nault
(1993) and Wilmoth (1996) applied the Lee-Carter method to forecast Canadian and Japanese
mortalities, respectively. Note that if kt is a linear function of time t, the Lee-Carter model is
actually similar to the SOA model (by comparing (3) and (5)), except that death rates (qx) are
used in the SOA model and central death rates (mx) are used in the Lee-Carter model.
4.

The Heligman-Pollard Method

Heligman and Pollard (1980) proposed an eight-parameter model to predict the curve of
death rates in Australia:

(

)

C
px
,
2
= A( x + B ) + D exp − E (ln x − ln F ) + GH x
qx

where

(

A( x + B )

C

(7)

represents the decreasing trend of death rates in young ages,

)

2
D exp − E (ln x − ln F ) is the death rate around age 20 (with a big hump due to accidental
deaths), and GH x shows the exponential decreasing pattern in adult mortality rates. Unlike

the previous models, this model has a parametric function form. Similar to the Lee-Carter
method, these eight parameters can be solved by time series methods.
However, although the Heligman-Pollard method was intended to increase the precision
of projection (e.g. compared to Lee-Carter's), comparisons to the Lee-Carter forecasts have
not been done. Also, this method is rarely used due to the complexity of estimation for eight
parameters.

IV. DATA ANALYSIS
As described in Section 2, our data analysis is based on Taiwan mortality data by age
and sex during the year of 1950 to 1997. We apply the methods discussed in Section 3 to fit
mortality data from 1950 to 1992, and evaluate the performance of these methods by using
the data from 1993 to 1997. Note that since the ratio method, the SOA method, and the
Heligman-Pollard method use the death rate and the Lee-Carter method uses the central death

Jack C. Yue , Yu-Whuei Hu & Cheng-Peng Chang

rate, we apply the Uniform Distribution of Deaths (U.D.D.) assumption, i.e.,

n

qx =

n n mx ,
1 + n n mx 2

to transform the mortality rates between the death rates and the central death rate used in
these methods. In addition, since we are interested in comparing the performance of these
four methods on quinquennial age groups, only the mortality rates of the groups 60-64, 65-69,
70-74, 75-79 and 80-84 are considered in this study.
Some modifications are made in applying those four methods. For the ratio method, a
time series model, in addition to regression model (i.e., Equation (3)), is used in developing
the model for the base group (ages 60-64). Also, since SVD cannot be applied to analyze
incomplete data, we use the approximation method to estimate parameters in the Lee-Carter
method. Finally, the software MORTPAK-LITE is used to solve for the eight parameters in
the Heligman-Pollard method.
We use the following two error criteria to evaluate the performance of these methods:
1. MAPE (Mean Absolute Percentage Error)
MAPE =

1 n εi
.
∑ × 100
n i =1 Yi

2. RMSPE (Root Mean Square Percentage Error)

RMSPE =

Here

1 n εi
∑
n i =1 Yi

2








× 100

.

Yi is the ith observed values (i.e. the observed mortality rates), ε i = Yi − Yˆi , where

Ŷi is the predicted value of Yi .
We first obtain the predicted values for the mortality rates for years 1993 to 1997; and
then we calculate the MAPE and RMSPE under each method. Figures 2.1 and 2.2 (Figure 3.1
and 3.2) are the values of MAPE and RMSPE, respectively, among four methods for the male
(female).
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Figure 2.1 MAPE of The Mortality Rates for The Male

Figure 2.2 RMSPE of The Mortality Rates for The Male
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Figure 3.1 MAPE of The Mortality Rates for The Female

Figure 3.2 RMSPE of The Mortality Rates for The Female
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First, we can see that the prediction errors based on the ratio method are very stable, in
relatively terms. The MAPE and RMSPE values of ratio method are ranged from 1.58 to 6.34
(refer to Appendix 1 for the details of the values) for both the male and the female. The
figures also show that the prediction errors increase as the age group of interest is away from
the base group (i.e., 60-64). Recall that the idea of the ratio method is to utilize the
correlations of the mortality of the base group and age groups of the elderly. That is, the
higher the correlations are, the smaller the prediction errors will be. Therefore, because the
correlations of the higher age groups and the base group are smaller, the corresponding
prediction errors (MAPE and RMSPE) are larger, which matches to the result of simulation
in the previous section.
Secondly, we find that the MAPE and RMSPE values of the ratio methods are relatively
smaller, compared with the other three methods. In fact, the ratio method is the best in terms
of the MAPE and RMSPE criteria and based on Taiwan data in predicting the mortality rates
of the groups 65-69 and 70-74 for both male and female populations, and the second best in
the groups 75-79 and 80-84. This result further confirms the advantage of using a base group
mortality rate to predict the mortality rates of age groups, which are highly correlated to the
base group.
Thirdly, the performances of the existing methods are mixed. For example, although the
SOA method is always the best in predicting the 80-84 group, its errors are the largest in the
predicting the female mortality rates for other three age groups. Overall speaking, the SOA
method performs better than other methods in the male mortality, while it performs the worst
in the female mortality. The Heligman-Pollard method is the worst in predicting the male
mortality rates, especially in higher age groups. Finally, although Lee-Carter method is
recommended to predict mortality rates in previous studies, it performs not so well based on
the Taiwan mortality data. A possible cause is the incomplete data, because the advantage of
SVD cannot be adopted.

V. CONCLUSION
In this study, the ratio method is constructed and applied to fit Taiwan elderly mortality
data. We have demonstrated the advantage of the ratio method in terms of its straightforward
notion and well-performed prediction. In particular, while the incomplete data have reduced
the prediction power of some other methods, the ratio method can still work well. Actually,
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the idea of the ratio method is to account for the correlations between the mortality rates of
certain age groups and the base group at different time point. These correlations exist because
the population of a country (or a certain area) is facing similar living conditions (nutrition,
environment, medical technology, and so on). We use the ratio relationship between each age
group and the base group to predict the mortality rates of that age group. The main point is to
choose an age group containing the most complete historical data to be the base group, so
that we could have a more accurate prediction of the mortality rates.
Our simulation results demonstrate that as the incompletion of data is more severe, the
advantage of using the ratio method is greater. On the other hand, the simulation results also
suggest that the smaller the correlations of the mortality rates between age groups and the
base group, the worse the prediction will be. One way to improve the method is to allow the
base group to be varied such that the best base group (i.e., its mortality rates are highly
correlated with that of the age group of interest), can be employed. Most of the time, the best
base group is the nearest younger group to the age group of interest.
Since the current version of the ration method assumes the future will be in some sense
like the past, just like all purely extrapolating forecasts, which may limit the precision of
prediction. A possible extension of this method is to allow the time series model of predicting
ratios include additional information, such as the per capita medical expenditure, per capita
spending on the research related to prolong the human lives, living standard, and so on. We
could use the fitted model to simulate the potential change in the mortality rates if the future
environment has deviated from the past.
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Appendix 1
MAPE and RMSPE of the Mortality Rates for Males and Females

Sex

Method
SOA
Lee-Carter

Male

Pollard
Ratio
SOA
Lee-Carter

Female

Pollard
Ratio

Error Type
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE
MAPE
RMSPE

Age Group

 
  
 
 
  
 
 

 
 
 
 
  
 
 
 

 
 
  
 
 
  
 
 
 
 
 
  
 
 
 

 

 
 

  
 
 
  

  

 
 
 
  
 
  
 

 
 
  
 
 
 
 
  
 
 
 
  
  
 
 
 
  


 
  

  
  
  
  
 
 
  
 
 
  
 
  
 

REFERENCES

Bowers, N., Gerber, H., Hickman, J., Jones, D., and Nesbitt, C. 1997. Actuarial Mathematics,
Schaumburg, Illinois, Society of Actuaries.
Brass, W. 1974, Perspectives in Population Prediction: Illustrated by the Statistics of England
and Wales. Journal of Royal Statistical Society, Series A. 137, 532-570.
Brown, R. L. 1991, Introduction to the Mathematics of Demography, Winsted, Connecticut,
ACTEX Publications, Inc.
Coale, A. and Guo, G. 1989, Revised Regional Model Life Tables at Very Low Levels of
Mortality, Population Index, 55(4): 613-643.
Heligman, L. and Pollard, J. H. 1980, The Age Pattern of Mortality, Journal of the Institute of

Actuaries, 107: 49-75.

Jack C. Yue , Yu-Whuei Hu & Cheng-Peng Chang

Keyfitz, N. 1982, Choice of Function for Mortality Analysis: Effective Forecasting Depends
on a Minimum Parameter Representation, Theoretical Population Biology, 21: 329-352.
Lee, R. D. and Carter, L. R. 1992, Modeling and Forecasting U.S. Mortality, Journal of the

American Statistical Association. 87 (419): 659-675.
Lee, R. D. and Nault, F. 1993, Modeling and Forecasting Canadian Mortality: An Application
of the Lee-Carter approach, with Extensions, presented at World Congress of the

International Union for Scientific Study of Population, Montreal, August, 1993.
McNown, R. and Roger, A. 1989, Forecasting Mortality: A Parameterized Time Series
Approach, Demography, 26: 645-660.
McNown, R. and Roger, A. 1992, Forecasting Cause-Specific Mortality Using Time Series
Methods, International Journal of Forecasting, 8: 413-432.
Olshansky, S. J. and Carnes, B. A. 1997, Ever Since Gompertz, Demography, 34(1): 1-15.
Ripley, B. D. 1987, Chapter 5: Variance Reduction, Stochastic Simulation, New York, John
Wiley & and Sons, Inc.
Thatcher, A. R. 1999, The Long-term Pattern of Adult Mortality and the Highest Attained
Age, Journal of Royal Statistical Society, Series A, 162: 5-43.
Tuljapurkar, S. and Boe, C. 1998, Mortality Change and Forecasting: How Much and How
Little Do We Know?, North American Actuarial Journal, 2(4): 13-47.
Wilmoth, J. 1996, Mortality Projections for Japan: A Comparison of Four Methods, in Health

and Mortality Among Elderly Populations, New York : Oxford University Press, Caselli,
G. and Lopez, A. D. (editors), 266-287.
Yue, C. J. 1997, Graduation: The Application of Statistics in Insurance, Taipei, Yeh-Yeh
Bookstore.

