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� � � � � (Monte Carlo Methods)

� � @ ��A B C D E F G H B I J K L
M ��
N O � P 2 A B 
Q R S

� N O 
��T U V W 
X � (Random 
Number Generation)S

� Y M V W Z

� [ \ ] I ^ E F G H B Z



� [ \ ] _ Q R � @ ��Z

� ` a b c
� d e b [ f g
� h B i � j k 
l m

� P 2 ) * 
n o p �

� W q P 2 (Mathematical Statistics) 

� l m ? 2 (Experimental Design)

� � @ ��(Computer Simulation)
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�Probability distribution function

�Random number generator 

�Sampling rule

�Scoring/Tallying

�Error estimation

�Variance Reduction techniques

�Parallelization/Vectorization



� � ��� � �

� l r � ; s Y t 2 πZ



� s u v /w � x y z { | K } D ~ � F �
� x y � ' � 
k A � 4 S� π 
t 2 �
} � � � � z �

4

π==
�����

���	��


�����
���

�
����	�
��



� l r � ; � � � � P 2 - � 4 � � � �
� � � � � 
� � � K � � � 500� - �
4 � � 20� - � S

Mid-term

F
in

al

60 65 70 75 80 85

70
80

90



� � a � � � W � C W � = 4 0 � (� [
0.8036)K � � � � W 
�   ¡ ¢ Z

� £ ¤ B (Bootstrap)
1000� ��2 ¥ }
z �   ¡ o � ¦ 0.0820S

0.4 0.5 0.6 0.7 0.8 0.9

0
50

10
0

15
0

20
0

25
0

correlation



� � � � � � � � �



��������(	)

� How did Monte Carlo simulation get its 
name?

� The name and the systematic development 
of Monte Carlo methods dates from about 
1940’s. 

� There are however a number of isolated and 
undeveloped instances on much earlier 
occasions.
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� In the second half of the nineteenth century a 
number of people performed experiments, in 
which they threw a needle in a haphazard 
manner onto a board ruled with parallel 
straight lines and inferred the value of PI 
=3.14… from observations of the number of 
intersections between needle and lines. 
� In 1899 Lord Rayleigh showed that a one-

dimensional random walk without absorbing 
barriers could provide an approximate 
solution to a parabolic differential equation.



Buffon's original form was to drop a needle of length 
L at random on grid of parallel lines of spacing D.

For L less than or equal D we obtain 
P(needle intersects the grid) = 2 • L / PI • D. 

If we drop the needle N times and count R 
intersections we obtain 

P = R / N, 
PI = 2 • L • N / R • D. 
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� In early part of the twentieth century, British 

statistical schools indulged in a fair amount of 
unsophisticated Monte Carlo work. 
� In 1908 Student (W.S. Gosset) used 

experimental sampling to help him towards 
his discovery of the distribution of the 
correlation coefficient. 
� In the same year Student also used sampling 

to bolster his faith in his so-called t-
distribution, which he had derived by a 
somewhat shaky and incomplete theoretical 
analysis. 



Student - William Sealy Gosset (1876 - 1937) 

This birth-and-death process is suffering from labor 
pains; it will be the death of me yet. (Student Sayings) 



In 1931 Kolmogorov showed the relationship 
between Markov stochastic processes and certain 
integro-differential equations. 

A. N. Kolmogorov (1903-1987) 
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� The real use of Monte Carlo methods as a research 

tool stems from work on the atomic bomb during the 
second world war. 
� This work involved a direct simulation of the 

probabilistic problems concerned with random 
neutron diffusion in fissile material; but even at an 
early stage of these investigations, von Neumann and
Ulam refined this particular "Russian roulette" and 
"splitting" methods. However, the systematic 
development of these ideas had to await the work of 
Harris and Herman Kahn in 1948. 
� About 1948 Fermi, Metropolis, and Ulam obtained 

Monte Carlo estimates for theeigenvalues of
Schrodinger equation. 



John von Neumann (1903-1957) 
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� In about 1970, the newly developing theory of 

computational complexity began  to provide a more 
precise and persuasive rationale for employing the 
Mont Carlo method. 
� Karp (1985) shows this property for estimating 

reliability in a planar multiterminal network  with 
randomly failing edges. 
� Dyer (1989) establish it for estimating the volume  of 

a convex body in M-dimensional Euclidean space.
� Broder (1986) and Jerrum and Sinclair (1988) 

establish the property for estimating the permanent of 
a  matrix or, equivalently, the number of perfect
matchings in a bipartite graph.
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Ç John Von Neumann (Mid-Square Method)
e.g. È É � � Ê Ë W 
W ¸ K 2 ¥ Å Ì A W

3307 Í 10936249  (Î 4 Ï Ê Ë W Ð Ì A )
Í 87647044
Í 41860900

Ñ �� � ³ } Î Ò Ë W ; � Ë W ; …
e.g.  33 Í 1089 Í 64   not goodÓ

123456 Í241383 Í 265752
(but small numbers Í small numbers)
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(� �H C D I J E K G )

� L M 6 7 (Uniformity)

�N O ? �P � Q (Goodness-of-fit)�R B �
A B � �C D S T �E K � U ���# D

V �P � Q R B (Chi-square goodness-of-fit)
WKolmogorov-Smirnov R B �

� X Y Z [ (Independence)

? ���, \ ] ��# � � � � Gap test, 
Up-and-down test, run test. 
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Inverse Transformation Method

Generates a random number from a probability
density function by solving the probability density
function's variable in terms of randomly generated
numbers. This is achieved as follows:

� We solve the inverse of the integral of our 
probability density function at an arbitrary point a    
F(a), in terms of a random number r.
� We generate a unique random variable a, as 

follows:
a = F-1(r)



Rejection Method

Generates random numbers for a 
distribution function f(x).  This is achieved 
as follows:

� Define a comparison function h(x) such 
that it encloses the desired function f(x).

� Choose uniformly distributed random 
points under h(x).

� If a point lies outside the area under f(x) 
reject it and choose another point.



Illustration of the Rejection Method

The following

is an illustration

of the rejection

method using

a square 

function for the

comparison

function.
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� SAS

� SPSS 

� S-Plus 

� Minitab 

� EXCEL
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� Permutation test:

�HI J K L �M N OPQ R �S T 8 A �
U V 3W K ���X Y�Z [ \ � ] B
�U ^ _ ` a �b ���c Yd a +
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♦g h � 33.0, 31.0, 34.5, 34.0 

♦B g h � 29.5, 32.0, 32.9, 31.5 



�z *��c d �{ | } F Y~��� x
y � U �B � � � W � �� � � � � +
(t-�� � p-value � 30.169)

�8/� � � 4 5 ��4/�� ?l � *�

�� � Permutation test�� � ?8� l �
� � W � �} F B C 3� � } F (� } F
*6.6)+z � �p-value = 8/105 = 0.076+

�105
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5678
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Monte Carlo p-value

� � � � E � � = > � n K ���� y �
� �� � � I ; � k/( ¡ �� k ~)�
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1 ¥ ¦ § *0.05�n � ¨ © 6 *99ª499ª
b �999� c « +
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Bootstrap Delta
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Bootstrap����(�)
��� � /� � �	¹ À +

� � 
 � � � A �	� � Gompertz _ `

 ¡ �� Ì � � A 	 î

µ x = BC x,    B > 0, C> 1  

b �

log(px+1)/log(px) = C

�C�
 � � Ì B *
 � L �¢ B � �
Gompertz� � +



� � ��� ] B 	 î ª� � �� ] 	 î +

Fig 1-1. Bootstrap C.I. for Japanese Male
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Fig 1-2. Bootstrap C.I. for Sweden Male
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Bootstrapping C.I. for Gompertz (1998 Male)
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Bootstrapping C.I. for Gompertz (1999 Male)
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Bootstrapping C.I. for Gompertz (2000 Male)
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Time series plot of simulated stock price
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Time series plot when the interarrival time is bigger (3.27 v.s. 3.26)
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Time series plot when the inter-arrival rate is smaller(3.25 v.s. 3.26)
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